SINGULAR GAUDUCHON CONJECTURE
GUILHERME CERQUEIRA-GONCALVES

ABSTRACT. In 1984 Gauduchon conjectured that one can find Gauduchon metrics with
prescribed Ricci curvature on every compact complex manifolds. This conjecture was settled
by Székelyhidi-Tosatti-Weinkove [ , , ] via the study of a Monge-Ampere
equation for (n — 1)-plurisubharmonic functions with a gradient term. In this paper we
study a singular version of this conjecture. We obtain a C°-estimate for this problem, without
gradient terms, on smoothable hermitian varieties by adapting a technique from [ ]. We
also prove smoothness of the solutions on holomorphic Kéhler families, generalizing | ].

CONTENTS
Introduction 1
1. Quasi (n — 1)-plurisubharmonic functions 4
2. L a priori estimate on smoothable hermitian varieties 9
3. (C? Estimate on holomorphic families 14
4. Proof of Theorem B 19
References 20
INTRODUCTION
Yau’s solution of the Calabi conjecture | | prescribes the Ricci form of a Kéhler
metric in a fixed Kéhler class. In the hermitian setting, Gauduchon | , IV.5] pro-

posed the analogous problem for Gauduchon metrics, i.e., hermitian metrics wg satisfying
00wyt = 0. This problem, the Gauduchon conjecture, was settled by Székelyhidi, Tosatti

and Weinkove | , , ]. In this article we study a singular version of it.
Gauduchon metrics are ubiquitous objects in hermitian geometry since they exist in the
conformal class of any hermitian metric | ]. Recently, Barbaro and Otiman | ] in-

vestigated Calabi- Yau-Gauduchon metrics (Gauduchon + Chern-Ricci flat) on locally confor-
mally Kéhler manifolds. The Gauduchon cone, related to the pseudo-effective cone | ]
also motivates a finer study of such metrics, see | , ]

Degenerate PDEs on singular spaces are closely connected to the Mlmmal Model Pro-
gram and to moduli theory. Notable progress includes the singular Kéahler version of Yau’s
theorem by Eyssidieux, Guedj and Zeriahi | | and the construction of Gauduchon met-
rics on singular hermitian varieties by Pan | , ]. An important open problem
in the singular setting is Reid’s fantasy | |, which conjectures that Calabi-Yau three-
folds form a connected moduli space via conifold transitions introduced by Clemens and
Friedman | ) |; these transitions consist of smoothings and bimeromorphic transfor-
mations of non-Kahler Calabi-Yau varieties. These constructions are believed to be related
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to Hull-Strominger systems [ , |. For these systems one needs to study a Calabi-
Yau semi-Kihler metric (also known as balanced metrics), defined by dwpy ' = 0 | l;
these metrics are closely related to the Calabi-Yau-Gauduchon equation considered here,
see | : : , , : , :

The Calabi-Yau-Gauduchon problem on a hermitian manifold (M, ) equipped with a
Gauduchon metric g reduces to finding a hermitian metric « satisfying the following prop-
erties (see [ , Theorem 1.3]):

(1) « is Gauduchon, i.e., 99a™"* = 0.
(2) [a@* 1] =[] in Aeppli cohomology H’ """ (M).
(3) RicB%(a) = n, for a fixed closed real (1,1)-form n € cP°(M).

Recall that the (n — 1,n — 1)-Aeppli cohomology group is defined as:

Y () = {85—cloid real (n —1,n — 1)—currents}.

{Oy+90y | v (n—2,n—1)-current}

By | , Theorem A], for any compact smoothable hermitian variety X — that is, a
variety approximable by a family of smooth manifolds as in Setting (SF) — there exists a
singular Gauduchon metric: a hermitian metric g that is smooth and Gauduchon on the
regular part X' and bounded on X. Such a metric is obtained as a limit of the metrics

on nearby smooth fibers in the smoothing family. Moreover, by | , Theorem B], g"1
extends to an (n — 1,n — 1) pluriclosed current Ty (i.e., 90Ty = 0) which defines an Aeppli
class; see | | for a generalization to compact hermitian varieties. Hence the first two
conditions above admit singular analogues. Prescribing the Bott-Chern Ricci form on a
singular variety is equivalent (see | , Theorem 4.5]) to solving

w" = p (CY)

where p is the adapted volume (see Definition 1.20). Thus one can pose the singular Calabi-
Yau-Gauduchon problem as follows.

Problem CYG. Let X be a compact smoothable hermitian variety, 5 be a singular Gaudu-
chon metric on X with Gauduchon class [8"~'] € H, 7" "1(X), and n € ¢PC(X) be a closed
real (1,1)-form on X. Does there exist a singular metric « on X such that

(1) a is Gauduchon on X, i.e., 00a™ ' =0 on X",
(2) [ =[] € Hy ""H(X).
(3) RicP%(a) =n on X™8?

Remark. The expected solution should be more singular than the bounded Gauduchon metric
of | , Definition 1.2]. Indeed, if a solution were quasi-isometric to a smooth metric, then
X would be smooth by | , Lemma 1.6]. Moreover, by | , Lemma 4.4, eq (4.7)],
the volume of the desired Gauduchon metric must lie in LP relative to a smooth volume form
on X, for some p > 1, whenever X has log-terminal singularities.

Let us recall the notion of smoothing families:

Setting (SF). Let X be an (n+ 1)-dimensional, irreducible, reduced, complex analytic space.
Suppose that
e 7 : X — D is a proper, surjective, holomorphic map with connected fibers X; := 7= (t);
e 1 is smooth over the punctured disk D*;
o Xy is an n-dimensional, normal compact complex analytic space;
o Xy has only isolated singularities.
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Let w, B be hermitian metrics on X in the sense of Definition 1.18. For eacht € D, we denote
by wy the hermitian metric on fiber Xy obtained by restriction, wy 1= wlx,.

Call X smoothable if it arises as such a central fiber Xy = X for some family X as above.

In the smooth case, Problem CYG is solved in | , Theorem 1.4] via the studying
a complex Monge-Ampere equation for (n — 1)-plurisubharmonic functions with a gradient
term. This equation was discovered by Popovici | | and, independently, by Tossati and
Weinkove | ] (see [ : ] for earlier related discussions). In this paper, we
restrict ourself to the case without the gradient term, studied in | J; that is:

For (X, 5,w) a smoothing as in Setting (SF), fix p > 1 and 0 < f; € LP(X,,w}") be a family
of densities, 1 < p; € L®(X;) be a family of functions with f;, p, € C(X;),Vt # 0. Assume
the families (f)iep and (p¢)tep satisfy: there exist constants cs, C'r, G > 0 such that V¢ € D,

1
cr < / frop and || fillpexwp < G, (DB)
Xt
supp; <G and infp, = 1. (GB)
Xt Xt
We study the following equation with the conditions supy, ¢; = 0 and o, > 0:
A, o) w — ddSps \ " n
af i= (i + Bt LU, (©YG)

where (@4, ¢;) € L>®(X;)NPSH,_1 (X}, pi5i, wi) X Rsg is the unkown. The set PSH,,_1(X, 3, w)
of (n — 1)-quasi plurisubharmonic functions on a space X with two hermitian metrics 3, w
can be defined (see Definition 1.13) as the set of quasi-subharmonic functions such that
a, =+ (A“ﬂw > 0 in the sense of currents.

By | , Lemma 4.4, eq (4.7)], the adapted volume of smoothings satisfy the integral
bounds (DB) when the central fiber X, has log-terminal singularities. By | , Theorem
A], the Gauduchon factors of §; satisfy the uniform bound (GB). Hence an L*-bound for

the problem above yields a bound for a simplified singular Calabi-Yau-Gauduchon problem.
We can state now our first result:

Theorem A. Under Setting (SF) and the uniform hypotheses above (DB) (GB), let, for
each t € D, the pair (i, ¢;) € PSH, 1(Xy, By, wy) N L¥(X;) N Rsg be the solution to the
complezx (n—1) Monge-Ampére equation (CYG). Then there exists a constant C' > 0 uniform,
independent of t, such that Vt € D,

ot el < C
For the precise dependence of C, see Theorem 2.6.

The higher-order estimates obtained in | | and | | are non-quantitative: the
former relies on a blow-up analysis for the C'-estimate while the latter uses a a localization
argument. Consequently, obtaining higher-order estimates in the presence of singularities
for Equation (CYG) is more challenging. Taking this into account, we focus the remainder
of the paper on families without singular fiber, i.e., deformations of the complex structure
of a fixed complex manifold M. If w is Astheno-Kihler (90w™ 2 = 0), then a solution of
Equation (CYG) provides a solution to Problem CYG, without condition (2). Also, the
Astheno-Kéhler condition is not stable under small deformations | ) ]; therefore we
assume (M, w) is Kéhler, which is stable | | and the solution solves Problem CYG.

To emphasize that in the second part there are no singular fibers, we denote individual
complex manifolds by M and holomorphic families by M.

In this setting we have our second result:
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Theorem B. Let (M, 5,w) be a holomorphic family satisfying the Setting (SF), with central
fiber My a smooth Kdhler manifold and with w a Kdhler metric. Let f € C*(M), and write
fi = fla, € C®(M,), for M, := 7~ (t). Then for eacht € D1 there exists a unique solution
(Ut, Ct) € PSHn_l(X, /6,(,(}) N Coo(Mt> X R>() Of
1 n
(ﬂt +— ((Awtut)wt - dcht)) =cftBys sup up =0
n—1 My
and for every k € N
lwdl loxary + e+ e < C
for a uniform C > 0 independent of t. Hence, C independs on the complex structure of M.

The preceding result produces, on a general Kahler manifold M, non-Kahler Gauduchon
(or semi-Kéhler) metrics with prescribed Ricci curvature that vary smoothly with the complex
structure, provided f is a non-Kéhler Gauduchon (or semi-Ké&hler) metric: the C*°-bounds
are uniform and independent of the complex structure. See Section 1 or | ).

Organization of the article:

e Section 1 familiarizes the reader with (n — 1)-plurisubharmonic functions in C" and
on manifolds, and it introduces the singular setting.

e Section 2 establishes two different uniform bounds for the normalizing constant and
proves Theorem A.

e Sections 3 and 4 extend the C? C' and higher-order estimates of | ] to holomor-
phic families and complete the proof of Theorem B
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the National Research Agency for Future Investments program bearing the reference ANR-

18-EURE-0023).

1. Quast (n — 1)-PLURISUBHARMONIC FUNCTIONS

We set d° = (9 — ) so that dd® = 00, wca the standard hermitian metric on C". We
fix the complex dimension n > 3, since for n = 2 the notion of (n — 1)-plurisubharmonic
coincides with that of plurisubharmonic.

We define the complex Laplacian with respect to a hermitian metric w as:

dde n—1
A,g = tr,(dd°g) = ng/\—w

wn
1.1. (n — 1)-plurisubharmonic functions. Fix 2 C C" a domain.

1.1.1. Basic properties and examples.

Definition 1.1. We say that u € C*(2) is a (n—1)-plurisubharmonic, (n—1)-psh for short,
function on S if the folowing (1,1)-form is semi-positive

ddeu = (Au)wen — ddu > 0.
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Note that dde(-) is a linear operator. One has the following equivalent definitions which
can be found throughout the literature, see [ , , , .

Proposition 1.2. Let u € C*(Q). Then u is (n — 1)-plurisubharmonic on Q if and only if
one of the following equivalent conditions is satisfied:

(1) The eigenvalues {\;}}, of the complex hessian of u, satisfy N\ = Zk#i A =0

(2) For any complex hyperplane of dimensz’on n—1, HCC", ulgnq is subharmonic.

(3) The (n —1,n — 1)-form dd°u A wi? is (weakly) positive.

(4) The (n — 1,n — 1)-form dd°u A w.? is strongly positive.
We refer the reader to | , Chapter III, Corollary 1.9] for (3) <= (4). We highlight

that (3) <= wu is (n — 1)-psh follows from the Hodge star computation:
1 1 —
c n—2\ __ _ c _ c
CE] * (ddu N\ win®) = —— 1((Au)wcn ddu) = p— 1dd u.
We follow the conventions for the Hodge star operator of | , Section 2]; that is, for
p,q € {1,...,n} the Hodge star operator x (induced by wcn in this subsection) maps a

(p, q)-form 7 into a (n — p,n — q)-form i such that for any (p, ¢)-form ¢:
_ w" _ _
PR = (0 ) uen =0 AP =, k= (=), (1.1)

From Proposition 1.2 one notices that u is subharmonic, hence we define m-subharmonic
functions to compare these notions of positivity.

Definition 1.3. Let 1 <m < n. We say u € C*(Q) is m-subharmonic on ) if
(dd°u)* ANwi® >0, V1<k<m.

We denote PSH,,_;(2) the set of (n— 1)-plurisubharmonic ((n —1)-psh for short) functions
in 2, SH,,(£2) the set of m-subharmonic functions and PSH($?) = SH, () the plurisubhar-
monic functions in €. All these sets exclude the function © = —oo. We introduce non-regular
(n — 1)-psh functions:

Definition 1.4. Let u € SH{(Q2) be a subharmonic function on Q. Then u € PSH,_1(Q) if:
ddeu := (Au)wen — ddu > 0

as a real current of bidegree (1,1).

Proposition 1.5. Let u,v € PSH,_1(Q) and A\ > 0. Then,
(i) u+ v, Au, max{u,v} € PSH,,_1(Q).
(i) If (w;){ £ € PSH,_1(Q) and w; \ w # —oo pointwise on ), then w € PSH,,_;(9).
(iii) If u is continuous and x. is a family of mollifiers, then their convolution u. = u* .

is smooth (n — 1)-psh function and converges to u locally uniformly.
(iv) PSH(Q) € SHy(Q) € PSH,,_1(Q) € SH,(Q).

The proofs for (i)-(iii) above are analogous to the classic ones for subharmonic functions
regardless of the definition chosen. The inclusion SHo(2) € PSH,_;(£2) holds since the

eigenvalues {\;}%; of a smooth function in SHo(Q) satisfy (D1, A)? — > A7 > 0 =
Y=\, Vie{l,...,n}since >t AN =0
Example 1.6. (1) ¢.(2) = ——5—re—s € C*(C")NPSH,,_1(C") for e > 0. Notice that

(|22 +€2)
g \( Gn_1(2) = —Ee € PSH,,_1(C") and G,,_1(0) = —oco. Recall that n > 3."

10ne can also prove G,,_; € PSH,,_1(C") by | , Theorem 9.2] as the origin is a removable singularity.



6 GUILHERME CERQUEIRA-GONGALVES

(2) u:C* =R, u(z1,22,23) = —|z1|* + |22|* + |23/|* belongs to PSH,,_1(C?)\SH(C?).
(3) v:C* = R, v(z1, 22, 23) = —3|21|* + |22|? + | 23] belongs to SH;(C?*)\PSH,,_;(C?).

Now we define the complex (n — 1)Monge-Ampere operator MA as

Definition 1.7. Given u € C?(2) N PSH,,_1(f), we set
]\/41\4(14) = det(cﬁc\u)
i terms of eigenvalues we have
MA@w) =[Tx=1] (Z&-)
i=1 i=1 \ j#i
where {\;}1, are the eigenvalues of the complex hessian of w.

Remark 1.8. Let’s stress that the operator MA does not satisfy some properties of the
complex Monge-Ampeére operator such as the comparison principle by | , Theorem 4.1].
This makes the development of a pluripotential theory for this operator more delicate.

The notion of maximality for (n — 1)-plurisubharmonic functions, crucial for the blow-up
analysis that will be constructed in Section 4.1.

Definition 1.9. We say u € PSH,,_1(Q2) is mazimal if for any relatively compact open set
0 € Q and Yv € PSH,,_1(Q3) such that Q; € Qy € Q and v < u on Iy then v < u on Q.

1.1.2. Radial Examples.
Lemma 1.10. Let G,—1 : C* — R as in Example 1.6 and x : Ry — R smooth. Then
u(z) = x(Gn-1(2)) € PSH,,_1(C") if and only if x is non-decreasing and convex.
Proof. A direct computation shows that the eigenvalues of the complex hessian of u are:
M= (n=2)[2| 20 [(n = 2) 2| PN = (n=2)) ], A= (= 2)[=[PUY, Wi
hence, the eigenvalues of of ddeu are: R
M= (n=1)(n=2) 00y, A= (=2 v L
This concludes the proof. O

By the Lemma 1.10 above MA for radial functions takes the form:
MA(u) = (n—1)(n—2)> 2| (v 0 Gp1) (X" 0 Gp1)" L.
Example 1.11 below shows a gap between the integrability of m(u) and the classical
Monge-Ampere case for the L!(log L)P-norm.

Example 1.11. Let x(t) = —log(log(log(—t))), computing near zero we obtain:
!/ 1 " 1
= et oatogt 0y ™ T oa (1) Toalloa (1)

(
Hence, the density f := m(u), for u(z) = x(G,—-1(2)) satisfies near:
1

f~ , and log(f) ~ —log(|z]),
2|27 (= log(|2]))"(log(— log(]2])))"
then near zero one has

+oo » 1
/ f(log(f)) N/Oyz‘zn(_logyz\)nP(log(—log\zmndvcn

which is finite if and only if p < n—1. However, for the Monge-Ampeére operator it is known
that the critical exponent is p =n, see | , Example 2.4].




SINGULAR GAUDUCHON CONJECTURE 7

1

Remark 1.12. A computation shows (]\//[71(Gn_1)> "7 = 6, the Dirac mass at the origin.

1.2. Quasi (n — 1)-plurisubharmonic functions on manifolds. Throughout, (M, 3,w)
denotes a hermitian manifold with two hermitian metrics. Fix a constant Cz,, > 1 such that

Cﬁiiﬁ <w < Cpyp. (GC)
1.2.1. Smooth case.

Definition 1.13. Let u € C*(M), we say u is a quasi (n — 1)-plurisubharmonic function
relative to (B,w), if the following form is semi-positive
(Ayu)w — ddu
Q=0+
n—1

We let C%(M)NPSH,,_ (M, 3,w) denote the set of (C?)-smooth quasi (n—1)-plurisubharmonic
functions relative to (5,w), PSH,_1(M,w) when f = w, SHy(M, B,w) the set of quasi-
subharmonic functions relative to (8,w) and PSH(M,w) the set of quasi-plurisubharmonic
functions relative to w. All of these sets exclude the function u = —oc.

Taking the trace of «,, with respect to w we explain in Proposition 2.3 that u as above is
quasi-subharmonic with respect to (5, w). For basic properties of these functions we we refer

to [ ) ) ) ) ) ]'
The operator of interest, namely the complex (n — 1)Monge-Ampere operator M A,,_1, is:

Definition 1.14. Given u € C*(M)NPSH,,_1(M, 8,w), we define A, : T"°M — T M the
endomorphism defined by o, relative to w, i.e., Ay = w - . And set
MA, 1 (B,w,u) = det(A,).

Notice that for any constant C' > 0, M A,,_1(8,Cw,u) = C~"MA,_1(B,w,u).
Remark 1.15. Let (M,w) be a Kihler manifold. If ®, = wfi ' 4+dd°urw™ 2, for a Gauduchon
1

non-Kdahler metric wy on M, then ®; ' is a Gauduchon non-Kdihler metric> and [wj '] = [®,]
in Aeppli cohomology for any u € C*(M) N PSH,_i(M,wy,w). That is the case because w
is Kdhler and by the equivalence of definitions for (n — 1)-psh functions on Proposition 1.2.

By | , Equation (2.2)] dzf(tﬁﬁ)l) = Z—Z; hence solving the (n — 1)-Monge-Ampére equation
for (1,1)-forms is equivalent to solving it for (n—1,n—1)-forms which is equivalent to solving

the Gauduchon conjecture in this setting.

= 0.

1.2.2. Non-smooth case.

Definition 1.16. Let u € SH (M, B,w) be a quasi-subharmonic function on M. We say u

is a quasi (n — 1)-plurisubharmonic function relative to (B,w) if:
(A u)w — ddu

=0+ >0
n—1
as a current of bidegree (1,1).
This definition is equivalent to those in | |. Denote by PSH,,_1(M, 8, w) be the set of

all, quasi (n — 1)-plurisubharmonic functions relative to (8, w) that are not identically —oc.

Remark 1.17. We also refer the reader to | | for a viscosity approach to the weak theory
of (n — 1)-plurisubharmonicity and (n — 1) Monge-Ampére.

2See | , Lemma 4.8] for the existence and uniqueness of the (n — 1)th root.
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1.3. Analysis on complex analytic spaces. Let X be a compact normal complex analytic
space of pure dimension n > 1. Denote by X" the complex manifold of regular points of
X and X®"8 := X \ X" the set of singular points, which is an analytic subset of X with
complex codimension > 2, since X is normal.

By definition, for each point xy € X, there exists a neighborhood U of xy and a local
embedding j : U < CV onto an analytic subset of CV for some N > 1. These local
embeddings allow us to define the spaces of smooth forms of given degree on X as smooth
forms on X8 that are locally on X restrictions of an ambient form on CV. Other differential
notions and operators, such as holomorphic,plurisubharmonic and (n — 1)-plurisubharmonic
functions, can also be defined in this way and currents are defined by duality (see | D.

Definition 1.18. A hermitian metric w on X is a hermitian metric w on X' such that
given any local embedding X — CV, w extends smoothly to a hermitian metric on CV.

loc.

Following the definition introduced in | , Definition 1.2] we set:

Definition 1.19. A hermitian metric wg on a variety X is:

e Gauduchon if it satisfies dd*(wi™ ") = 0 on X'°8;
e bounded Gauduchon if there exists a smooth hermitian metric w on X and a positive
function p € L°(X) N C>®(X™8) such that wg = pw and dd*(pw)*~* =0 on X*8.3

1.3.1. Adapted volume and canonical singularities.

Definition 1.20. Suppose that X is Q-Gorenstein, that is X is normal and Kx is r-Cartier
for somer € N, i.e., rKx is a rank 1 locally free sheaf. If o is a trivialization of rKx over

X' and h" a smooth metric on rKx we consider the adapted volume form:
1

VAN

It is independent of the choice of trivialization . The term ”variety” will always refer to
a Q-Gorenstein complex analytic space throughout this paper.

Definition 1.21. A hermitian variety X has log-terminal singularities if for any log-resolution
of singularities p : X — X, for any local generator T of rKx, the pole along any component
E of exc(p) of the meromorphic r-canonical form p*« on X is of order <r — 1.

Now we define the (Bott-Chern) Ricci curvature in this context

Definition 1.22. Let X be a compact hermitian variety, p the reference adapted volume
relative to h" = 0 on local trivializations of rKx, we define the (Bott-Chern) Ricci curvature
current of a metric w, for p = fw", as

RicPC(w) := —dd° log (“’7) — —dd°log(f)

Let us stress that, by | , Lemma 1.6], the Ricci curvature is not a smooth form unless
X is smooth, see | , Sections 5, 6 and 7] for more details.

30ur convention for the Gauduchon factor differs from Pan’s by the omission of the ﬁ power.
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1.3.2. Smoothable varieties. A smoothable variety is a hermitian variety that appears as the
central fiber of some family satisfying Setting (SF). Set D, := {z € C: |z| < r}, D :=D,\0

and D := D;. The volumes of the fibers (X;,w;) are uniformly controlled: there exists a
uniform constant Cy > 1 such that V¢ € Dy /2
C;' < Vol,, (X;) < Oy (VB)

For non-Kéhler examples of smoothable varieties one can look at | , Theorem 1] and
for examples of non-smoothable singularities one can look at | , Section 0.1].

Recall that by | , Lemma 4.4, equation (4.7)] the adapted volume of smoothings
satisfy these integral bounds (DB) when the central fiber X, has log-terminal singularities
and the Gauduchon factors of f; satisfy, by | , Theorem A], the uniform bound (GB).
1.4. Useful Results. The following result is a simplified version of | , Proposition 3.3] a

global uniform Skoda integrability result. It will be relevant for the bound on Proposition 2.5.

Proposition 1.23. If 7 : (X,w) — D is a family satisfying Setting (SF). Then there exists
constants «, A, such that for all t € Dy and for all u, € PSH(X,,w;) with supy, us = 0,

/ e Muwy < A,. (SB)
Xy

We state next | , Theorem 5.2] the Liouville theorem for (n — 1)-plurisubharmonic
functions. It will be crucial for the blow-up argument in Theorem 4.1.

Theorem 1.24. If u : C" — R is an (n — 1)-plurisubharmonic function in C* which is
Lipschitz continous, maximal and satisfies

sup(|u| + |Vu|) < +o0

Cn

then uw s a constant.

2. L*™ A PRIORI ESTIMATE ON SMOOTHABLE HERMITIAN VARIETIES

2.1. Comparison results and useful facts. Now we relate the different notions of posi-
tivity and prove a few useful facts about (n — 1)-plurisubharmonic functions.

Proposition 2.1. For (M, 5,w) hermitian manifold with two hermitian metrics and a con-
stant Cgy, > 0 such that Cﬁ_,iw < 5. Then PSH,,_4 (M, C’/g’iw) C PSH,,_1(M, 5, w).

Proof. We have the following computation:

1 c -1 —1 1 c
a, =+ p— 1((Awu)w —ddu) = B+ C5 w — Cy w+ m((Awu)w — ddu),
1
_ —1 -1 —1 c
= (B = Cguw) + (Cgow + —— ((Ag;1,0)Cp 00 — dd°u)),
1
—1 -1 c

2 CBMW + m((ACELWu)CB»WW — dd U)

As we wanted to prove. O

When carrying out computations in coordinates, we will frequentely use, at a fixed point
x € M a chart U, such that w;;(z) = &;5, B(x) = vd;; and dd°u(x) = Néd;; + O.D.T. for
some smooth function u, where O.D.T. stands for ”off-diagonal terms” (similarly to | )]
containing dz* A dz' for k # I. However those terms won’t affect our computations.
Moreover, the condition of u € PSH,,_1(M, 5,w) can be interpreted as:
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Z)\ —(n—1)y, Vie{l,...,n}.

J#z
We first prove a domination principle for PSH,_; (M, f,w) as in | , Corollary 2.3].
Our proof is simpler because we only need to deal with smooth functions:

Lemma 2.2. Let u,v € PSH,,_1(M, 5,w)NC>(M) such that o' < cal on {u < v} for some
ce0,1). Thenu > v.

Proof. Assume by contradiction that {u < v} is non-empty and fix zy € M such that

(u—0)(xg) = mj\}n(u —v) < 0.
If a € (¢,1) and z is a point on M such that (u — av)(x) = miny(u — av), then
u(w) — v(x) = (u— av)(z) + (a — Do(z)

(u—av) (x) + (a — 1)v(x)

(=) (20) + (a — 1) (u(z) — v (0))

(u—v) (zg) + (1 — a) Oscp(v)

Since (u — v) (xg) < 0, we can fix a € (¢, 1), sufficiently close to 1, such that

(u—v) (x0) + (1 —a) Oscp(v) <0

Then, from the above, we can find z, € {u < v} such that (v — av) (z,) = miny (u — av).
The classical maximum principle ensures that at z, we have dd°(u — av) > 0, implying

Qay = aoy, + (1 —a)p
because (A, (u — av))w — dd“(u — av) > 0. Since these forms are positive, we obtain
()" 2 a"c™™ ()" + (1 = a)"B"

a contradiction, because ac™! > 1, and (1 —a)8" > 0 at z,. O

NN IN

The following consequences of the arithmetic-geometric mean inequality will be useful:

Proposition 2.3. Given a smooth u € PSH,,_1(M, B,w) such that it solves the complex
(n—1)Monge-Ampére equation o = bgw™ for a function 0 < g € C*°(M) and some constant
b>0. Then u € SH{(M, B,w) and the following inequality holds:

(nbr)gnw”™ < (B + ddu) Aw™!
Proof.

1
u € PSH,_ (M, B,w) = f + —((A ww — dd°u ) 0,
Trace 1 ddcu AN w”_l
(n

5 o n -1
— u € SH(M, B,w).
Now applying the AM-GM inequality to the eigenvalues of o, we get:

(8 + dd°u) Aw'™ > n [(6 - (mddcu ALy ddCu))n] ,

wn

Jw™ — ddu A w”_l) >0,

3=

n—1 wn
1 1
> (nbn)gnw"
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Proposition 2.4. Let v € PSH(M,w) N C*(M). Then v € PSH,,_1(M,w) and w" < a”.

(2

Proof.

ot i 1 ((ndd%;\n”n_l)w B dd%) S i 1 ((n(ddcy +:;) /\wn—l)w o dd%) |
- i : <<n(ddcv +:;) A w”’1>w C(we dd%)) |
= 1 7 (try,(wy)w — (wy))

Since v € PSH(M, w) then we conclude that v € PSH,,_1 (M, w) from the last computation.
Now, from the description through eigenvalues of dd°v we have from v € PSH(M, w):

n—1 —i-/)\\i - Zj#‘(l + )
n—1 n—1

1+X >0 and >0,Vie{l,...,n}

Applying AM-GM to each term above we have:

1

sl A) [(HH&) " vie{ln)

n—1 L1
J#

By taking the product of the inequalities for all i € {1,...n} we get:

n

H<1+n>jl> >ﬁ(1+Ai)

i=1

which is exactly what we wanted to prove in terms of eigenvalues. O

For the rest of this section, our equation, for a unkown u € C*(M) N PSH,,_1(M, psS,w)
normalized by sup,, v = 0, will be on a compact hermitian manifold M:

A( w)w—ddu
— Cf,

wn

MA, _1(ppB,w,u) = MA,_1(u) = ( (2.1)

for (M, ,w) a compact hermitian manifold with two hermitian metrics, 1 < pg the normal-
ized Gauduchon factor of 5 by | | and f e C®(M).

Our geometric constants under consideration are:

e Vol, (M) the volume of M with respect to a metric w,

e 1 < G, is the uniform upper bound on the Gauduchon factor p, of a metric w
from | , Theorem A],

e 1 < (s, is the uniform constant such that CB_LB <w < Cpuf,

e 0 < A,,a are the uniform constants from Proposition 1.23,

¢ 0 < v, (w) is the uniform constant defined as, given 0 < mg uniform constant,

Uy (W) := inf {/ (w+ddu)" : uwe PSH(M,w) with —mp < u < O} .
M

Such a constant is positive since w is hermitian, by | , Proposition 3.4].
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2.2. L” bound on the normalizing constant. The following result adapts the ideas
from | , Lemma 5.9], | , Lemma 2.7] and | , Theorem A] we obtain:

Proposition 2.5. The normalizing constant ¢ in (2.1) admits the two bounds:

Ciub<e< ( 1CLap )
n|| f7 ]| arwn)

where b = b(f, C"yiw,Aa) > 0 is the normalizing constant of the Monge-Ampére equation
(Chlw + ddu)™ = bfw" and Clap := Vol,(M)GL ' GsChy,.

See | , Section 2 and 3] for a precise description of the Monge-Ampeére constants.
Proof. Bounding the constant from above.
By | , Theorem A], there exists a uniform constant G,, > 1 such that the normalized

Gauduchon factor p, with respect to (M, w) is bounded between 1 and G,,. For all smooth
u € PSH,,_1(M, psf3,w), we calculate

[ (0 dauy nwr < [ (pus ot diu) A
M M

< / P psB AW —i—/ udd®(p,w)" ' < G' G 5Cp,, Vol, (M)
M M
Proposition 2.3 now yields
ner faw™ < (ppf + ddu) Aw"™*

Integrating we can use the upper bound on the mass of the Hessian operator to conclude:

n
1, .1 C
new || f || prrwny < CrLap,  hence ¢ < ( T Lap ) .
n|[f o (arem)

Bounding the constant from below.

We use the existence of solution to the complex Monge-Ampere equation on hermitian
manifolds, that is [ , Corollary 1] or | , Theorem B for the case with two different
metrics. Then there exists a pair (v,b) € PSH(M, C_jjw) N C>(M) x Rsg such that:

(Chiw + ddv)" = bfw", Supv = 0
Now we use Proposition 2.4 to obtain the comparison:
be "M A, 1 (B,w,u) <bf < MAn,l(Cg’i)w, C@iw,v) < CpuwMA,_1(B,w,v)
Then, by the domination principle (Lemma 2.2) for v and u we get
C'_’ibc_lozﬁ < a, = C’gyi}bc—l <l.=c2> C’/g’ib.
By | , Theorem B] the constant b is bounded from below uniformly, hence so is ¢. O

For the Setting (SF), by | ) |, the constants in Proposition 2.5 are under control.
2.3. L™ a priori estimate. Adapting the technique from | , Theorem B| we prove:

Theorem 2.6. For (M, 3,w) a compact hermitian manifold with two hermitian metrics, as
described above for (2.1). Then, we have the uniform bounds:

(A): ¢ < Cy,
for Cy = <%) > 0, where CLqy, := Vol,(M)GL1GsCs,,

1
nl|fn HLI(M,WW)
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(B): —C <u <0,
for C = C(Cq o If|er(aromys p,HUHLI(Mwn),%) > 0 and a mog > 0 uni-

formly depending on f,Cy, Ca,.
(C): ¢ < ¢,

C% Vm (C71w)
for ¢y = L0 Lo~

HfHLl(M,wn)

> 0.

Proof. The upper bound on the constant (A) follows exactly as in Proposition 2.5
Bounding the solution from below.

To get the second bound (B) we use the comparison with the complex Monge-Ampeére
through a psh envelope, that is:

Firstly, to aliviate the notation we substitute pg for p and set w := C’B_’iw < B by (GC).
Now consider 1) := Pg(u) the &-psh envelope of u. The function ¢ is C'! and the complex
Monge-Ampere operator of the envelope is supported on the contact set, i.e., MAz(v) is
concentrated on C := {¢) = u} by | , Theorem 2.3].

It is known that on the contact set C the function u is w-psh. Then on C the operator
M Ag(u) is the complex Monge-Ampere of a w-psh function.

Since the inequality on Proposition 2.4 is a pointwise comparison we have:

MAZD (U)|C < MAn—l(a}7 &77 U)|C < Og,wMAn—1<67 W, u) |C < Og’wMAn—l(p/67 W, U) |C
at all points of C. Since v € PSH,,_1(M, pf,w) we get:
MAz(¢) = 1eMAz(u) < Cf e M A, 1(pB,w,u) < Cy ,MA, 1(pB,w,u).

Then, we get:

MA&(¢) < Og,wMAn—l(pﬂawa U) = Cg,wc.f < ngOOfa

where the last inequality follows from the bound (A) in the previous step. For a uniformly

controlled constant mg > 0 we have Oscy (1)) < mo, by | , Theorem A]. Since we have
1 < u < 0 and the oscillation is under control we have:
| Mz > v, @)
M
which is under control, since my is under control by | , Proposition 3.4]. We compute:

0 < (sup(0)'v, (@) < [ () MA(0)3"
M M
— [CorMasw = [ (M)
c M
< CuCo [ (uf 55 < Coll lascaam ol iy
where the last inequality follows from the Holder inequality for § = %. The term ||u|| 1 (azem)

is under control by the compactness in L' of SH; (M, 3, w) see | , Lemma 8§].
This implies that v is uniformly bounded. Since, by definition ¢ < u we conclude:

q
Coll Fll o arom || 2 o
—u < my+ ( LI, .

Upno (@)

Bounding the constant from below.
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To prove the last bound (C') one can just compare the Monge-Ampére masses:
- - v, (w

MAS) < of = vy @ < [ Jan = o <

M Caell Il areom)

by integrating with respect to w and since v is uniformly bounded. 0

2.4. Proof of Theorem A. In Theorem A, a L* estimate for the solution u, of the family
of complex (n — 1)-Monge-Ampeére equations, the following constant are under control:

(1) 1 e xewnys | fell 2o (x, wp) are under control by assumption of the density bounds (DB).
(2) G, Gp are under control since p; satisfy the Gauduchon bound (GB).

(3) Vol,, (X;) is under control by the volume bound (VB).

(4) vy, (w) is uniform, for a mgy uniform, by | , Proposition 3.4].

Hence, Theorem 2.6 completes the proof of Theorem A.
These bounds above are satisfied in Setting (SF) when X, has log-terminal singularities:

(1) By | , Lemma 4.4, equation (4.7)] the adapted volume satisfies (DB).
(2) By | , Theorem A], the Gauduchon factors of any smoothable variety satisfy (GB).
(3) By | , Section 1], the volume of any smoothable variety satisfies (VB).

3. C? ESTIMATE ON HOLOMORPHIC FAMILIES

From this point onward, we work in a holomorphic family = : (M, 5,w) — D belongin
to Setting (SF), without singular fibers; that is, the central fiber My = 71(0) is a com-
plex manifold. We further restrict ourself by fixing w to be a Kéahler metric, as this is the
appropriate setting of the geometric consequence of Theorem B.

In this section, we prove a C2-estimate that depends on the norm of the gradient as

in | |, who's original strategy traces back to | ]. Our proof is a more precise
formulation of [ , Theorem 4.1] that renders the estimate uniform in families. To help
the reader, we align our notation with that of | | and reference their work for the

computations that we omit here.

3.1. Uniform constants. Firstly we highlight some of the uniform constants that the esti-
mate will depend on fixing their notation. Recall that for this setting M is a Kahler manifold,
w a Kahler metric, however (3 is hermitian.

Metric comparison constant Let Cs,, > 1 be a constant, as in (GC), such that:

ChLB <w < Cpuf
Bisectional curvature bound: Let B > - 0 be a constant such that:
—B|&1P6]® < Rijr&i6l6e < BIG PGS, &,& e C.
L>-estimate: Let (1~ > 0 be the uniform constant from Theorem 2.6; that is:
c+c 4 suplu| < Cpe.
M

Notation: To align with the notation of | , Section 4] we set the following parallel
between the hermitian forms and their Riemannian metrics:

Qu=a~¢g, w~gq, [~ h Hence gij = hi; + 1 ((Au)gij - uij) .

and we are solving the (n — 1)-Monge-Ampere equation:

(5 N (Ayu)w — ddcu)" — (3.1)

n—1
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for supy;u =0and 0 < f € C°(M).*
3.2. Uniform C? estimate on manifolds. We have the following C?-estimate:

Theorem 3.1. Suppose (M, 3,w) is a compact Kdihler manifold, where w is a Kdhler metric
and [ is a hermitian metric. Then, there exists a uniform constant C' > 0 such that:
||dd“u|| e < C(sup [Vul? + 1)
M

for € = C(B, Cre, [[h|cz; [[log()l ez [| fll o<, m, Cp.)
Proof. As in | , Equation (4.2)] we use the tensor :

1

nig = wig — (0= Dhig + (trgh)giy = (tr99)gi7 — (n = V)gizi - Giy = — ((t149)9;3 — miz) (3-2)

We will apply the maximum principle tq5_:
H(z,€) = log(n€'€?) + 1 ([Vuly) + o (w),
for x € M, § € T1OM is a g-unit vector and functions ¢, 1)y defined as

Pr(s) = ——log (1— for 0 < s <K —1, for K =sup|Vul2 + 1. (3.3)
M

2K>’

YPo(t) = —Alog (1+i>’ for —L+1<t<0, for L=Cpe+1,A=2L(Cy+1). (3.4)

for a uniform Cy > 0 to be chosen later.
We treat H on a subcompact W of the g-unit tangent bundle of M where 7;;§ €7 >0, with

H = —oo0 when n;;¢* ‘€7 = (0. Hence its maximum is achieved in the interior point (z¢, &) € w.
Pick holomorphic coordinates at xy that are g-normal, as in | , page 323], such that:
9i3 = Oij> iz = Ni0ij, T Z M2 =+ 2 M. (3.5)
Gir =N, mi=> ==X, 0<A <X << A (3.6)
k=1

The quantities A\, ny, tr,a are uniformily equivalent:

—tryg < < (n—1)A, < (n — 1)tryg. (3.7)
n
Since ny is the largest eigenvalue of (7] ;) the maximum of H is attained at the vector
1
& = 1 which extends locally to & = 9112 %. Finally, we set:

Q(x) = H(x,&) = log (g7 m) +i(|Vul}) + va(u). (3.8)
The maximum of @ is attained at xo. We will prove that n;(x¢) < CK, finishing the proof.
Without loss of generality, we may assume n; > 1 and w7 > 0 at . We define the tensor

©Y, and its associated linear operator, as in | , page 324]:
T o N 1 B .
oY = —7 ((trgg)g” — @”) >0, L(v)=0%,;= p— ((trgg)Av — Av) . (3.9)
n— n—
By the choice of g-normal coordinates, we get V&(xg) = 0 for the covariant derivative,
yielding the following identities at z, analogous to | , (4.7) and (4.9)]:

0=0Q;= @ + 1] - (Z Uyt + Zupiup> + 4 -, (3.10)
p p

4The normalizing constant is absorbed into the density f since we already have a L™®-estimate.
“Here our notation slightly differs from | ].
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Since ©% is diagonal at xg, and writing (£') for the coordinates of &, we obtain:

L@ =y L OIS el )+ vt YO

m (m)?
Z UpUp; + Z UpiUp
P P
+ ¢ Z O uy|* + Z O up|* + ¢ Z O™ (upirttp + Upintiy),
i,p i,p D

)
2

i

H Y O+ YO (3.11)

After tricky direct computations, differentiating covariantly the (n — 1)Monge-Ampere

equation and commuting derivaties as in | , page 552 we get, since L(Q) < 0, at xq:
0 20 9797951 2 taat — U + hga1) (935 2oy o — i + hip) T AUty
g (n—1)*m —~ (m)?

+ % (Fn - Z e" (Z Ugr Rig11 — Z Uale'aH)
- Zgﬁhmi - Z @ﬁ </Eliii - (trgh)iz)> (3'12)
2
Z UpUpi + Z UpiUp
i i i » P

H LY Oyl + Y O |y + Y O (it + upistsy),

+ ¢; Z @iiuﬁ + 'QZ);, Z @ﬁ|ui|2 + ¢i/ Z @ﬁ

,p i,p ,p
which coresponds to | , (4.16)], and all the intermediate steps are the same, for ef" = f
and h;; = (n — 1)h;;. Since all the intermediate computations coincide with those in | ]

we omit them here and focus on describing the constants and inequalities more precisely:
In | , Equation (4.17)]: at x

Y 0" =trgg, and |ug| = |+ (n = Dhig = (trgh)gis] < Cimy, (3.13)

for C1 = 1+ (2n—1)||h||1=, by (3.2) and since 7; > 1 is the highest eigenvalue of (7;;) at .
We now provide lower bounds for the second and third lines of (3.12)

In | , Equations (4.18) and (4.19)]:
1 _
a (Fll - Z o" (Z Ugr Rigi1 — Z ualRialz>

: (3.14)
- ngvﬁhmi - Z CK </ﬁliﬁ - (trgh)ii)> = —Cstrzg — Cs,

for Cy = 2n(||h||c2 + C1B) and C3 = ||F||c2. Since n; > 1 and using equations (3.13) with
the bound on the bisectional curvature B. And by taking the g-trace of g we get:
_ 1 ~
Z O"u; = —1((tr§g)Au — Au) =n —trzh, (3.15)
n

Now we will bound the last term written in (3.12):
In | , Equations (4.20) and (4.23)]:
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Again by using the covariant differentiation of the PDE and commuting derivatives:

VYO (Uit + upiiy)

4,p
= Z(Fpuﬁ + Fpup) — ) Z 7" (higpttp + higpty)
’ w (3.16)
+ 9] Z 0" gty Rpgin

4,p,q
> —||F|ler(1+ [Vul)|e1] = ([hller + n® B)trgg(IVul? + 1)[¢)]
> — Catrgg — Cs.

2
for Cy = M nd C5 = |F”Cl By usmg the Cauchy Buniakovski-Schwarz inequality,

the bound on the bisectional curvature B, 5z =1 > 1 and (3.13).
Combining (3.12) with (3.14), (3. 15) and (3. 16) yields:

Zz] GG (gje 3, Uamt — gzt + hﬂl)(gw > W — Wi+ hw‘l) B Z SHUNS

0>

(n—1)%m —~ (m)?
2
05 D20l + 0 30D S+ Y Sty 5 DOl (1T
i i p p i,p
+11 Y O lupil* = trag(Cputiy + Co + Ca) — (nfh + Cs + C),
,p
2
since —% < ) < —(Cy+1). By choosing Cy = 0(2;04 +2 (:ﬂﬂ'g; , the only term left
to Control is ), ﬂ as all other terms are positive. As in | , page 328| we define:

1 1

1424 1+4L(Cy+1)

which is uniform because so are L and . Now we have two cases, as in | , ]
Case 1 (Assume Ay < (1 —0)A,). We use (3.10) and (3.13) to obtain

@ﬁ ,i2 |, ’ ’

i

5:

(3.18)
2(¢1) Z 0" Z UpUp; + Z UpiUp 8(Co + 1)*Ktryg,
since |14 < 4 = 2(Cy+1). Then, using w = 2(¢1) Y > 0,90, —ph —Co = 1,9, > L and
erasing positive unhelpful terms we obtain from (3.17)
> %@mum —_ 8(Co + 12K trag — Cé, (3.19)
for C4 = O3 + C5. Since O™ > %ZZ 0" > %trgg:
%(trgg)ufm < 32(Co + 1)°K?trzg + C6 K. (3.20)

By the assumption Ay < (1 —0)A, and (3.2)
)

U <At = A+ (20 = D[|R|[z < = A
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since § < 1, and without loss of generality, \; < 1 and %" > w. Thus u?, > %)\n,
and combining with (3.20), we conclude
A < C7K
for C7 = 87506 using 1 < trzg - A\, and, without loss of generality, % >
By (3.7), this implies the desired estimate m; < (n — 1)C7 K
Case 2 (Assume Ay > (1 —0)A,). Similar to Case 1, we have for the summand ¢ =1

32(Co+1)2K? (4n)
52

@11 -
—% 220N Z Uplpi + Z upitiy| — 8(Co + 1)*n KON,
combining it with 2(¢})? = ¢, ¥} > 1=, —Cs 0y — Cy — Cy > PR Hl) and (3.17)
0> > TG0 g aa1 — it + Bt ) (935 Zb Uppy — Uiy + hiﬂ) 9l
> (n— 1), 2 ()?

(3.21)

Z O™ u;|* + o Z or Z Uplp; + Z Upill

— 3 O"uy|* + Cstrgg — 8(Co + 1)*nKO" — Cs,

i,p

1
4K

for Cs = 2-2=||h]|Z,. Without loss of generality, we assume —@“ 20> 8(Cy + 1)’ nKO!
then with Lemma 3.2 below, which is a quantitative version of [ , Lemma 4.3], we
conclude 0 > %trgg — (Y yielding the desired estimate

2C6\""
m< -l (35

U

Lemma 3.2. We have, at xy:
o 2205 9797951 2 taat — w1 ) (935 30y ot — tin + hip) G~ Ol
(n—1)%m —~ (m)?
C
+ 1y Z O u;|* + 1 Z or Z Uplp; + Zupzup > ——8t7“§g

for Cs = 2-2=1|h||2,.
Proof. Using (3.10), ¥} = 2(z1)? and | , Proposition 2.3|, which states that for all
a,be C”and 0 < ¢ < 1 we have |a + b\2 > §'|a)? — , we obtain

n

" i

1 E S) E UpUp; + g Upi U
= P P

Combining it with the fact that ¢§ > 2= (¢4)? for all € < 555, AT
Zi,j GG (gji D0 Yaal — Wiat + jai)(Gig D2y et — Wigt + hig) — (1 -25) i 0% |n,|?

(n— 1y 2 )
(3.23)

> 26 Z (__)7,7, ‘7711 _ (1_#22 Z @ii|ui|2 (322>
=2 =2

recall § = we obtain:

E >
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Commuting derivatives, erasing unhelpful positive terms, using (3.2) at zg, gi; = 0 for

i>1and | , Proposition 2.3] again, we obtain:
Zi,j ﬁﬁﬁﬁ(gﬁ Za Ugal — Uyl + Eﬂi)(gij Zb Uppy — Wiz + Ez‘jl)
= 1m (3.24)
> (1) 3 37””!% 1—-Z§~1| (trgh gu]| '
2 (n —1)2 . (n—1)2

1=

In Case 2, we have §” < (

(1—6)A, > 52, Then

T 5) ™ for © > 1. Wlthout loss of generality, we can assume

2 5~ 9"l G,
ey nga
(n—1)%m 2

HhH n|lhllcy

for Cy = 2——<= because the coordmates around x( are g normal. It remains to prove

0 g’ 911|7711‘2 ‘*‘7711'
1— - == >(1-2) v
=3 — (n—1)*m ( )ZZ_; (m)?

which is precisely | , Equation (4.39)]; we refer the reader to it for the proof. O

3.3. Proof of the C? estimate on holomorphic families. From Theorem 3.1, the con-
stant in the C?-estimate depends on:

(1) B > 0, uniform upper and lower bound on the bisectional curvature.
(2) Cp, the uniform L* bound on the solution to (3.1).
(3) The C? norms of log(f), the metrics w and 3, and the L> norm of f.

Under Setting (SF) without singular fibers, these constants are uniform:

(1) By compactness of the fibers, the constant B can be taken uniform on compact subsets
of the base manifold D, hence it is uniform in the holomorphic family.

(2) By Theorem 2.6, the constant Cr« is uniform even when the family has singularities.

(3) By compactness, all these norms are uniform on compact subsets of D.

Therefore, the C? bound, which depends on |Vu/?2, is uniform along the holomorphic family.

4. PROOF OF THEOREM B

4.1. C' Estimate on holomorphic families. Since the C?-estimate in the previous section
depends on supy, |[Vul? we adapt the blow-up argument of | |, based on [ |, to
obtain a C! estimate for holomorphic families.

Theorem 4.1. Let (M, 5,w) be a holomorphic family in the fized setting. Then there is a
constant C > 0 depending only on || f||c2(mw) and (M, Bo,wo), such that

sup|Vul, < C.

Dy

In particular, the constant C' does not depend on the complex structure.

Proof. Assume by contradiction that || f||c2(m,e) < C uniformly and we have u;, C; such that:
sup|Vugl,, = C;
My

with Cy — +o0 as t — ¢, for simplicity set ¢, = 0. Choose a sequence t; — 0 (denoted
simply by j) so that sup,. [Vu;le, = Cj, with C; — +00 as j — +o0.
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We have: sup u; = 0, sup |u;| < C (independent of j from the L*>°-estimate) and

J J

Oéj = 53' + m ((AjUj)Wj — ddtU,J), O[;L = fjwjﬂ.

Let z; = arcmax |Vu,;|. Up to extracting a subsequence z; — xg € M = My, for ¢t; — 0.
i

Since the family is holomorphic then locally one has V' C M open such that V; C X;,
Vo C X =Xy, t €I C BandsetV = By(0) x I such that w(0) = wen = Y ;idz? A dZ with
the notation w = wy for the metric on fiber the X whenever confusion can be avoided.

Assume for j large enough z,, are all in B,(0) x I'; I' € I. Define in B¢, (0) x I C C* x I:

U(z,t) = u;(C; 'z + aj;t); @;:C" = C", ®(2) = C; 'z + a5
Since the family is holomorphically trivial, we will have u;, u well defined in small neigh-
bourhoods and denote for simplicity as if all the points are on B1(0) C Xy. Then we have:
sup |ug ;| < C;Vt € I,Vj big enough, for w; =u;(-,1).
Be;(0)
Fixing t € I we have
Vgtﬁm = Vgtut,jcgjlfd
then |V¥a, ;|(0) = 1. Thus sup |V¥% ;| < C, independent of ¢, j. By the C? estimate:
Xj

sup |00;]ue, < CC; ?sup [00u;l, < C
Be, (0) X;

As in | | by the Sobolev embedding and the elliptic estimates for A for each given

K C C" compact, 0 < v < 1 and p > 1, there is a constant C' such that:
[[wjllero iy + sl lw2e ) < C.

Hence, there is a subsequence of u; that converges to U in C" with supe. (|[U]+|VU]) < C
and VU(0) # 0, consequently non-constant. Finally, the rest of the proof follows verbatim the
one in [ | That is, one proves that U is maximal in C", hence satisfy all the hypothesis
in Theorem 1.24, which implies U is constant, arriving at a contradiction. 0

4.2. Higher-Order Estimates on holomorphic families. As in the classical Monge-
Ampere theory, higher-order estimates are purely local. Hence, one can addapt a complex
Evans-Krylov type argument as in | , Theorem 6.1] to obtain a C*7-estimate, that
depend on two derivatives of log(f), and then apply Schauder estimates with a bootstraping
argument to conclude Theorem B. Moreover, the Evans-Krylov-Caffarelli theory developed
in [ , Theorems 1.1 and 1.2] yields estimates that depend only on Holder bounds
of log(f), the metrics, and the C? estimate on the solution. Implying explicitly that the
estimates remain uniform on the holomorphic family by Sections 3 and 4.1.
This completes the proof of Theorem B.
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