
SINGULAR GAUDUCHON CONJECTURE

GUILHERME CERQUEIRA-GONÇALVES

Abstract. In 1984 Gauduchon conjectured that one can find Gauduchon metrics with
prescribed Ricci curvature on every compact complex manifolds. This conjecture was settled
by Székelyhidi-Tosatti-Weinkove [TW17, TW19, STW17] via the study of a Monge-Ampère
equation for (n − 1)-plurisubharmonic functions with a gradient term. In this paper we
study a singular version of this conjecture. We obtain a C0-estimate for this problem, without
gradient terms, on smoothable hermitian varieties by adapting a technique from [GL25b]. We
also prove smoothness of the solutions on holomorphic Kähler families, generalizing [TW17].
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Introduction

Yau’s solution of the Calabi conjecture [Yau78] prescribes the Ricci form of a Kähler
metric in a fixed Kähler class. In the hermitian setting, Gauduchon [Gau84, IV.5] pro-
posed the analogous problem for Gauduchon metrics, i.e., hermitian metrics ωG satisfying
∂∂ωn−1

G = 0. This problem, the Gauduchon conjecture, was settled by Székelyhidi, Tosatti
and Weinkove [TW17, TW19, STW17]. In this article we study a singular version of it.

Gauduchon metrics are ubiquitous objects in hermitian geometry since they exist in the
conformal class of any hermitian metric [Gau77a]. Recently, Barbaro and Otiman [BO25] in-
vestigated Calabi-Yau-Gauduchon metrics (Gauduchon + Chern-Ricci flat) on locally confor-
mally Kähler manifolds. The Gauduchon cone, related to the pseudo-effective cone [Lam99],
also motivates a finer study of such metrics, see [Pop15, PU18, OV25b, OV25a].

Degenerate PDEs on singular spaces are closely connected to the Minimal Model Pro-
gram and to moduli theory. Notable progress includes the singular Kähler version of Yau’s
theorem by Eyssidieux, Guedj and Zeriahi [EGZ09] and the construction of Gauduchon met-
rics on singular hermitian varieties by Pan [Pan22, Pan25]. An important open problem
in the singular setting is Reid’s fantasy [Rei87], which conjectures that Calabi-Yau three-
folds form a connected moduli space via conifold transitions introduced by Clemens and
Friedman [Cle83, Fri86]; these transitions consist of smoothings and bimeromorphic transfor-
mations of non-Kähler Calabi-Yau varieties. These constructions are believed to be related
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to Hull-Strominger systems [Hul86, Str86]. For these systems one needs to study a Calabi-
Yau semi-Kähler metric (also known as balanced metrics), defined by dωn−1

B = 0 [Gau77b];
these metrics are closely related to the Calabi-Yau-Gauduchon equation considered here,
see [FWW10, FWW15, TW17, GS25, Chu12, FLY12, CPY24].

The Calabi-Yau-Gauduchon problem on a hermitian manifold (M,β) equipped with a
Gauduchon metric β reduces to finding a hermitian metric α satisfying the following prop-
erties (see [STW17, Theorem 1.3]):

(1) α is Gauduchon, i.e., ∂∂αn−1 = 0.
(2) [αn−1] = [βn−1] in Aeppli cohomology Hn−1,n−1

A (M).
(3) RicBC(α) = η, for a fixed closed real (1, 1)-form η ∈ cBC

1 (M).

Recall that the (n− 1, n− 1)-Aeppli cohomology group is defined as:

Hn−1,n−1
A (M) =

{∂∂-closed real (n− 1, n− 1)-currents}
{∂γ + ∂γ | γ (n− 2, n− 1)-current}

.

By [Pan22, Theorem A], for any compact smoothable hermitian variety X — that is, a
variety approximable by a family of smooth manifolds as in Setting (SF) — there exists a
singular Gauduchon metric: a hermitian metric β that is smooth and Gauduchon on the
regular part Xreg and bounded on X. Such a metric is obtained as a limit of the metrics
on nearby smooth fibers in the smoothing family. Moreover, by [Pan22, Theorem B], βn−1

extends to an (n− 1, n− 1) pluriclosed current TG (i.e., ∂∂TG = 0) which defines an Aeppli
class; see [Pan25] for a generalization to compact hermitian varieties. Hence the first two
conditions above admit singular analogues. Prescribing the Bott-Chern Ricci form on a
singular variety is equivalent (see [GL23, Theorem 4.5]) to solving

ωn = µ (CY)

where µ is the adapted volume (see Definition 1.20). Thus one can pose the singular Calabi-
Yau-Gauduchon problem as follows.

Problem CYG. Let X be a compact smoothable hermitian variety, β be a singular Gaudu-
chon metric on X with Gauduchon class [βn−1] ∈ Hn−1,n−1

A (X), and η ∈ cBC
1 (X) be a closed

real (1, 1)-form on X. Does there exist a singular metric α on X such that

(1) α is Gauduchon on X, i.e., ∂∂αn−1 = 0 on Xreg.
(2) [αn−1] = [βn−1] ∈ Hn−1,n−1

A (X).
(3) RicBC(α) = η on Xreg?

Remark. The expected solution should be more singular than the bounded Gauduchon metric
of [Pan22, Definition 1.2]. Indeed, if a solution were quasi-isometric to a smooth metric, then
X would be smooth by [GGZ24, Lemma 1.6]. Moreover, by [DNGG23, Lemma 4.4, eq (4.7)],
the volume of the desired Gauduchon metric must lie in Lp relative to a smooth volume form
on X, for some p > 1, whenever X has log-terminal singularities.

Let us recall the notion of smoothing families:

Setting (SF). Let X be an (n+1)-dimensional, irreducible, reduced, complex analytic space.
Suppose that

• π : X → D is a proper, surjective, holomorphic map with connected fibers Xt := π−1(t);
• π is smooth over the punctured disk D∗;
• X0 is an n-dimensional, normal compact complex analytic space;
• X0 has only isolated singularities.
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Let ω, β be hermitian metrics on X in the sense of Definition 1.18. For each t ∈ D, we denote
by ωt the hermitian metric on fiber Xt obtained by restriction, ωt := ω|Xt.

Call X smoothable if it arises as such a central fiber X0 = X for some family X as above.
In the smooth case, Problem CYG is solved in [STW17, Theorem 1.4] via the studying

a complex Monge-Ampère equation for (n − 1)-plurisubharmonic functions with a gradient
term. This equation was discovered by Popovici [Pop15] and, independently, by Tossati and
Weinkove [TW19] (see [FWW10, FWW15] for earlier related discussions). In this paper, we
restrict ourself to the case without the gradient term, studied in [TW17]; that is:

For (X, β, ω) a smoothing as in Setting (SF), fix p > 1 and 0 ⩽ ft ∈ Lp(Xt, ω
n
t ) be a family

of densities, 1 ⩽ ρt ∈ L∞(Xt) be a family of functions with ft, ρt ∈ C∞(Xt),∀t ̸= 0. Assume
the families (ft)t∈D and (ρt)t∈D satisfy: there exist constants cf , Cf , G > 0 such that ∀t ∈ D,

cf ⩽
ˆ
Xt

f
1
n
t ω

n
t and ||ft||Lp(Xt,ωn

t )
⩽ Cf , (DB)

sup
Xt

ρt ⩽ G and inf
Xt

ρt = 1. (GB)

We study the following equation with the conditions supXt
φt = 0 and αt > 0:

αn
t :=

(
ρtβt +

(∆ωtφt)ωt − ddctφt

n− 1

)n

= ctftω
n
t , (CYG)

where (φt, ct) ∈ L∞(Xt)∩PSHn−1(Xt, ρtβt, ωt)×R>0 is the unkown. The set PSHn−1(X, β, ω)
of (n − 1)-quasi plurisubharmonic functions on a space X with two hermitian metrics β, ω
can be defined (see Definition 1.13) as the set of quasi-subharmonic functions such that

αφ := β + (∆ωφ)ω−ddcφ
n−1

⩾ 0 in the sense of currents.
By [DNGG23, Lemma 4.4, eq (4.7)], the adapted volume of smoothings satisfy the integral

bounds (DB) when the central fiber X0 has log-terminal singularities. By [Pan22, Theorem
A], the Gauduchon factors of βt satisfy the uniform bound (GB). Hence an L∞-bound for
the problem above yields a bound for a simplified singular Calabi-Yau-Gauduchon problem.

We can state now our first result:

Theorem A. Under Setting (SF) and the uniform hypotheses above (DB) (GB), let, for
each t ∈ D, the pair (φt, ct) ∈ PSHn−1(Xt, βt, ωt) ∩ L∞(Xt) ∩ R>0 be the solution to the
complex (n−1)Monge-Ampère equation (CYG). Then there exists a constant C > 0 uniform,
independent of t, such that ∀t ∈ D1/2,

ct + c−1
t + ||φt||L∞ ⩽ C.

For the precise dependence of C, see Theorem 2.6.

The higher-order estimates obtained in [TW17] and [Pan22] are non-quantitative: the
former relies on a blow-up analysis for the C1-estimate while the latter uses a a localization
argument. Consequently, obtaining higher-order estimates in the presence of singularities
for Equation (CYG) is more challenging. Taking this into account, we focus the remainder
of the paper on families without singular fiber, i.e., deformations of the complex structure
of a fixed complex manifold M . If ω is Astheno-Kähler (∂∂ωn−2 = 0), then a solution of
Equation (CYG) provides a solution to Problem CYG, without condition (2). Also, the
Astheno-Kähler condition is not stable under small deformations [FT09, Sfe23]; therefore we
assume (M,ω) is Kähler, which is stable [KS60] and the solution solves Problem CYG.

To emphasize that in the second part there are no singular fibers, we denote individual
complex manifolds by M and holomorphic families by M.
In this setting we have our second result:
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Theorem B. Let (M, β, ω) be a holomorphic family satisfying the Setting (SF), with central
fiber M0 a smooth Kähler manifold and with ω a Kähler metric. Let f ∈ C∞(M), and write
ft := f |Mt ∈ C∞(Mt), for Mt := π−1(t). Then for each t ∈ D 1

2
there exists a unique solution

(ut, ct) ∈ PSHn−1(X, β, ω) ∩ C∞(Mt)× R>0 of(
βt +

1

n− 1

(
(∆ωtut)ωt − ddcut

))n

= ctftβ
n
t , sup

Mt

ut = 0

and for every k ∈ N
||ut||Ck(Mt) + ct + c−1

t ⩽ C

for a uniform C > 0 independent of t. Hence, C independs on the complex structure of M .

The preceding result produces, on a general Kähler manifold M , non-Kähler Gauduchon
(or semi-Kähler) metrics with prescribed Ricci curvature that vary smoothly with the complex
structure, provided β is a non-Kähler Gauduchon (or semi-Kähler) metric: the C∞-bounds
are uniform and independent of the complex structure. See Section 1 or [TW17].

Organization of the article:

• Section 1 familiarizes the reader with (n − 1)-plurisubharmonic functions in Cn and
on manifolds, and it introduces the singular setting.

• Section 2 establishes two different uniform bounds for the normalizing constant and
proves Theorem A.

• Sections 3 and 4 extend the C2, C1 and higher-order estimates of [TW17] to holomor-
phic families and complete the proof of Theorem B
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his support, guidance and comments. The author also thanks Chung-Ming Pan and Tat Dat
Tô for useful discussions and references, and Hoang-Chinh Lu for conversations regarding
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18-EURE-0023).

1. Quasi (n− 1)-plurisubharmonic functions

We set dc = i
2
(∂ − ∂) so that ddc = i∂∂, ωCn the standard hermitian metric on Cn. We

fix the complex dimension n ⩾ 3, since for n = 2 the notion of (n − 1)-plurisubharmonic
coincides with that of plurisubharmonic.

We define the complex Laplacian with respect to a hermitian metric ω as:

∆ωg := trω(dd
cg) = n

ddcg ∧ ωn−1

ωn
.

1.1. (n− 1)-plurisubharmonic functions. Fix Ω ⊂ Cn a domain.

1.1.1. Basic properties and examples.

Definition 1.1. We say that u ∈ C2(Ω) is a (n−1)-plurisubharmonic, (n−1)-psh for short,
function on Ω if the folowing (1, 1)-form is semi-positive

d̂dcu := (∆u)ωCn − ddcu ⩾ 0.
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Note that d̂dc(·) is a linear operator. One has the following equivalent definitions which
can be found throughout the literature, see [HL11, HL12, Ver10, Din22].

Proposition 1.2. Let u ∈ C2(Ω). Then u is (n − 1)-plurisubharmonic on Ω if and only if
one of the following equivalent conditions is satisfied:

(1) The eigenvalues {λi}ni=1 of the complex hessian of u, satisfy λ̂i :=
∑

k ̸=i λk ⩾ 0.

(2) For any complex hyperplane of dimension n− 1, H ⊂ Cn, u|H∩Ω is subharmonic.
(3) The (n− 1, n− 1)-form ddcu ∧ ωn−2

Cn is (weakly) positive.
(4) The (n− 1, n− 1)-form ddcu ∧ ωn−2

Cn is strongly positive.

We refer the reader to [Dem12, Chapter III, Corollary 1.9] for (3) ⇐⇒ (4). We highlight
that (3) ⇐⇒ u is (n− 1)-psh follows from the Hodge star computation:

1

(n− 1)!
∗ (ddcu ∧ ωn−2

Cn ) =
1

n− 1
((∆u)ωCn − ddcu) =

1

n− 1
d̂dcu.

We follow the conventions for the Hodge star operator of [TW17, Section 2]; that is, for
p, q ∈ {1, . . . , n} the Hodge star operator ∗ (induced by ωCn in this subsection) maps a
(p, q)-form ψ into a (n− p, n− q)-form ∗ψ such that for any (p, q)-form φ:

φ ∧ ∗ψ = ⟨φ, ψ⟩ωCn

ωn
Cn

n!
, ∗ψ = ∗ψ, ∗ ∗ ψ = (−1)p+qψ, (1.1)

From Proposition 1.2 one notices that u is subharmonic, hence we define m-subharmonic
functions to compare these notions of positivity.

Definition 1.3. Let 1 ⩽ m ⩽ n. We say u ∈ C2(Ω) is m-subharmonic on Ω if
(ddcu)k ∧ ωn−k

Cn ⩾ 0, ∀1 ⩽ k ⩽ m.

We denote PSHn−1(Ω) the set of (n−1)-plurisubharmonic ((n−1)-psh for short) functions
in Ω, SHm(Ω) the set of m-subharmonic functions and PSH(Ω) = SHn(Ω) the plurisubhar-
monic functions in Ω. All these sets exclude the function u ≡ −∞. We introduce non-regular
(n− 1)-psh functions:

Definition 1.4. Let u ∈ SH1(Ω) be a subharmonic function on Ω. Then u ∈ PSHn−1(Ω) if:

d̂dcu := (∆u)ωCn − ddcu ⩾ 0

as a real current of bidegree (1, 1).

Proposition 1.5. Let u, v ∈ PSHn−1(Ω) and λ > 0. Then,

(i) u+ v, λu,max{u, v} ∈ PSHn−1(Ω).
(ii) If (wi)

+∞
i=1 ⊂ PSHn−1(Ω) and wi ↘ w ̸≡ −∞ pointwise on Ω, then w ∈ PSHn−1(Ω).

(iii) If u is continuous and χε is a family of mollifiers, then their convolution uε = u ⋆ χε

is smooth (n− 1)-psh function and converges to u locally uniformly.
(iv) PSH(Ω) ⊂ SH2(Ω) ⊂ PSHn−1(Ω) ⊂ SH1(Ω).

The proofs for (i)-(iii) above are analogous to the classic ones for subharmonic functions
regardless of the definition chosen. The inclusion SH2(Ω) ⊂ PSHn−1(Ω) holds since the
eigenvalues {λi}ni=1 of a smooth function in SH2(Ω) satisfy (

∑n
i=1 λi)

2 −
∑n

i=1 λ
2
i ⩾ 0 =⇒∑n

i=1 λi ⩾ λj,∀j ∈ {1, . . . , n} since
∑n

i=1 λi ⩾ 0.

Example 1.6. (1) gε(z) = − 1
(|z|2+ε2)(n−2) ∈ C∞(Cn)∩PSHn−1(Cn) for ε > 0. Notice that

gε ↘ Gn−1(z) = − 1
|z|2(n−2) ∈ PSHn−1(Cn) and Gn−1(0) = −∞. Recall that n ⩾ 3.1

1One can also prove Gn−1 ∈ PSHn−1(Cn) by [HL14, Theorem 9.2] as the origin is a removable singularity.
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(2) u : C3 → R, u(z1, z2, z3) = −|z1|2 + |z2|2 + |z3|2 belongs to PSHn−1(C3)\SH2(C3).
(3) v : C3 → R, v(z1, z2, z3) = −3

2
|z1|2 + |z2|2 + |z3|2 belongs to SH1(C3)\PSHn−1(C3).

Now we define the complex (n− 1)Monge-Ampère operator M̂A as

Definition 1.7. Given u ∈ C2(Ω) ∩ PSHn−1(Ω), we set

M̂A(u) := det(d̂dcu)

in terms of eigenvalues we have

M̂A(u) =
n∏

i=1

λ̂i =
n∏

i=1

(∑
j ̸=i

λj

)
where {λi}ni=1 are the eigenvalues of the complex hessian of u.

Remark 1.8. Let’s stress that the operator M̂A does not satisfy some properties of the
complex Monge-Ampère operator such as the comparison principle by [Din22, Theorem 4.1].
This makes the development of a pluripotential theory for this operator more delicate.

The notion of maximality for (n− 1)-plurisubharmonic functions, crucial for the blow-up
analysis that will be constructed in Section 4.1.

Definition 1.9. We say u ∈ PSHn−1(Ω) is maximal if for any relatively compact open set
Ω1 ⋐ Ω and ∀v ∈ PSHn−1(Ω2) such that Ω1 ⋐ Ω2 ⋐ Ω and v ⩽ u on ∂Ω1 then v ⩽ u on Ω1.

1.1.2. Radial Examples.

Lemma 1.10. Let Gn−1 : Cn → R as in Example 1.6 and χ : R⩽0 → R smooth. Then
u(z) = χ(Gn−1(z)) ∈ PSHn−1(Cn) if and only if χ is non-decreasing and convex.

Proof. A direct computation shows that the eigenvalues of the complex hessian of u are:
λ1 = (n− 2)|z|−2(n−1)

[
(n− 2)|z|−2(n−2)χ′′ − (n− 2)χ′], λj = (n− 2)|z|−2(n−1)χ′, ∀j > 1,

hence, the eigenvalues of of d̂dcu are:

λ̂1 = (n− 1)(n− 2)|z|−2(n−1)χ′, λ̂j = (n− 2)2|z|−2(2n−3)χ′′; ∀j > 1.

This concludes the proof. □

By the Lemma 1.10 above M̂A for radial functions takes the form:

M̂A(u) = (n− 1)(n− 2)2n−1|z|−4(n−1)2(χ′ ◦Gn−1)(χ
′′ ◦Gn−1)

n−1.

Example 1.11 below shows a gap between the integrability of M̂A(u) and the classical
Monge-Ampère case for the L1(logL)p-norm.

Example 1.11. Let χ(t) = − log(log(log(−t))), computing near zero we obtain:

χ′(t) =
1

(−t) log(−t) log(log(−t))
, χ′′(t) ∼ − 1

(−t)2 log(−t) log(log(−t))
.

Hence, the density f := M̂A(u), for u(z) = χ(Gn−1(z)) satisfies near:

f ∼ 1

|z|2n(− log(|z|))n(log(− log(|z|)))n
, and log(f) ∼ − log(|z|),

then near zero one hasˆ +∞
f(log(f))p ∼

ˆ
0

1

|z|2n(− log |z|)n−p(log(− log |z|))n
dVCn

which is finite if and only if p ⩽ n− 1. However, for the Monge-Ampère operator it is known
that the critical exponent is p = n, see [GL25b, Example 2.4].
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Remark 1.12. A computation shows
(
M̂A(Gn−1)

) 1
n−1

= δ0, the Dirac mass at the origin.

1.2. Quasi (n − 1)-plurisubharmonic functions on manifolds. Throughout, (M,β, ω)
denotes a hermitian manifold with two hermitian metrics. Fix a constant Cβ,ω > 1 such that

C−1
β,ωβ ⩽ ω ⩽ Cβ,ωβ. (GC)

1.2.1. Smooth case.

Definition 1.13. Let u ∈ C2(M), we say u is a quasi (n − 1)-plurisubharmonic function
relative to (β, ω), if the following form is semi-positive

αu := β +
(∆ωu)ω − ddcu

n− 1
⩾ 0.

We let C2(M)∩PSHn−1(M,β, ω) denote the set of (C2)-smooth quasi (n−1)-plurisubharmonic
functions relative to (β, ω), PSHn−1(M,ω) when β = ω, SH1(M,β, ω) the set of quasi-
subharmonic functions relative to (β, ω) and PSH(M,ω) the set of quasi-plurisubharmonic
functions relative to ω. All of these sets exclude the function u ≡ −∞.

Taking the trace of αu with respect to ω we explain in Proposition 2.3 that u as above is
quasi-subharmonic with respect to (β, ω). For basic properties of these functions we we refer
to [HL11, HL12, ADO23, AO22, TW17, Pop15].

The operator of interest, namely the complex (n− 1)Monge-Ampère operator MAn−1, is:

Definition 1.14. Given u ∈ C2(M)∩PSHn−1(M,β, ω), we define Au : T 1,0M → T 1,0M the
endomorphism defined by αu relative to ω, i.e., Au := ω−1 · αu. And set

MAn−1(β, ω, u) := det(Au).

Notice that for any constant C > 0, MAn−1(β, Cω, u) = C−nMAn−1(β, ω, u).

Remark 1.15. Let (M,ω) be a Kähler manifold. If Φu = ωn−1
0 +ddcu∧ωn−2, for a Gauduchon

non-Kähler metric ω0 onM , then Φ
1

n−1
u is a Gauduchon non-Kähler metric2 and [ωn−1

0 ] = [Φu]
in Aeppli cohomology for any u ∈ C2(M) ∩ PSHn−1(M,ω0, ω). That is the case because ω
is Kähler and by the equivalence of definitions for (n− 1)-psh functions on Proposition 1.2.

By [TW17, Equation (2.2)] det(Φu)
det(ωn−1)

= αn
u

ωn ; hence solving the (n− 1)-Monge-Ampère equation

for (1, 1)-forms is equivalent to solving it for (n−1, n−1)-forms which is equivalent to solving
the Gauduchon conjecture in this setting.

1.2.2. Non-smooth case.

Definition 1.16. Let u ∈ SH1(M,β, ω) be a quasi-subharmonic function on M . We say u
is a quasi (n− 1)-plurisubharmonic function relative to (β, ω) if:

αu := β +
(∆ωu)ω − ddcu

n− 1
⩾ 0

as a current of bidegree (1, 1).

This definition is equivalent to those in [HL12]. Denote by PSHn−1(M,β, ω) be the set of
all, quasi (n− 1)-plurisubharmonic functions relative to (β, ω) that are not identically −∞.

Remark 1.17. We also refer the reader to [CX25] for a viscosity approach to the weak theory
of (n− 1)-plurisubharmonicity and (n− 1)Monge-Ampère.

2See [Mic82, Lemma 4.8] for the existence and uniqueness of the (n− 1)th root.
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1.3. Analysis on complex analytic spaces. Let X be a compact normal complex analytic
space of pure dimension n ⩾ 1. Denote by Xreg the complex manifold of regular points of
X and Xsing := X \ Xreg the set of singular points, which is an analytic subset of X with
complex codimension ⩾ 2, since X is normal.

By definition, for each point x0 ∈ X, there exists a neighborhood U of x0 and a local
embedding j : U ↪→ CN onto an analytic subset of CN for some N ⩾ 1. These local
embeddings allow us to define the spaces of smooth forms of given degree on X as smooth
forms on Xreg that are locally on X restrictions of an ambient form on CN . Other differential
notions and operators, such as holomorphic,plurisubharmonic and (n− 1)-plurisubharmonic
functions, can also be defined in this way and currents are defined by duality (see [Dem85]).

Definition 1.18. A hermitian metric ω on X is a hermitian metric ω on Xreg such that
given any local embedding X ↪→

loc.
CN , ω extends smoothly to a hermitian metric on CN .

Following the definition introduced in [Pan22, Definition 1.2] we set:

Definition 1.19. A hermitian metric ωG on a variety X is:

• Gauduchon if it satisfies ddc(ωn−1
G ) = 0 on Xreg;

• bounded Gauduchon if there exists a smooth hermitian metric ω on X and a positive
function ρ ∈ L∞(X) ∩ C∞(Xreg) such that ωG = ρω and ddc(ρω)n−1 = 0 on Xreg.3

1.3.1. Adapted volume and canonical singularities.

Definition 1.20. Suppose that X is Q-Gorenstein, that is X is normal and KX is r-Cartier
for some r ∈ N, i.e., rKX is a rank 1 locally free sheaf. If σ is a trivialization of rKX over
Xreg and hr a smooth metric on rKX we consider the adapted volume form:

µh :=

(
irn

2
σ ∧ σ

|σ|2hr

) 1
r

It is independent of the choice of trivialization σ. The term ”variety” will always refer to
a Q-Gorenstein complex analytic space throughout this paper.

Definition 1.21. A hermitian variety X has log-terminal singularities if for any log-resolution

of singularities p : X̃ → X, for any local generator τ of rKX , the pole along any component
E of exc(p) of the meromorphic r-canonical form p∗α on X is of order ⩽ r − 1.

Now we define the (Bott-Chern) Ricci curvature in this context

Definition 1.22. Let X be a compact hermitian variety, µ the reference adapted volume
relative to hr ≡ 0 on local trivializations of rKX , we define the (Bott-Chern) Ricci curvature
current of a metric ω, for µ = fωn, as

RicBC(ω) := −ddc log
(
ωn

µ

)
= −ddc log(f)

Let us stress that, by [GGZ24, Lemma 1.6], the Ricci curvature is not a smooth form unless
X is smooth, see [EGZ09, Sections 5, 6 and 7] for more details.

3Our convention for the Gauduchon factor differs from Pan’s by the omission of the 1
n−1 power.
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1.3.2. Smoothable varieties. A smoothable variety is a hermitian variety that appears as the
central fiber of some family satisfying Setting (SF). Set Dr := {z ∈ C : |z| < r}, D∗

r := Dr\0
and D := D1. The volumes of the fibers (Xt, ωt) are uniformly controlled: there exists a
uniform constant CV ⩾ 1 such that ∀t ∈ D1/2

C−1
V ⩽ Volωt(Xt) ⩽ CV . (VB)

For non-Kähler examples of smoothable varieties one can look at [LT96, Theorem 1] and
for examples of non-smoothable singularities one can look at [Har74, Section 0.1].

Recall that by [DNGG23, Lemma 4.4, equation (4.7)] the adapted volume of smoothings
satisfy these integral bounds (DB) when the central fiber X0 has log-terminal singularities
and the Gauduchon factors of βt satisfy, by [Pan22, Theorem A], the uniform bound (GB).

1.4. Useful Results. The following result is a simplified version of [Pan23, Proposition 3.3] a
global uniform Skoda integrability result. It will be relevant for the bound on Proposition 2.5.

Proposition 1.23. If π : (X, ω) → D is a family satisfying Setting (SF). Then there exists
constants α, Aα such that for all t ∈ D1/2 and for all ut ∈ PSH(Xt, ωt) with supXt

ut = 0,ˆ
Xt

e−αutωn
t ⩽ Aα. (SB)

We state next [TW17, Theorem 5.2] the Liouville theorem for (n − 1)-plurisubharmonic
functions. It will be crucial for the blow-up argument in Theorem 4.1.

Theorem 1.24. If u : Cn → R is an (n − 1)-plurisubharmonic function in Cn which is
Lipschitz continous, maximal and satisfies

sup
Cn

(|u|+ |∇u|) < +∞

then u is a constant.

2. L∞ a priori estimate on smoothable hermitian varieties

2.1. Comparison results and useful facts. Now we relate the different notions of posi-
tivity and prove a few useful facts about (n− 1)-plurisubharmonic functions.

Proposition 2.1. For (M,β, ω) hermitian manifold with two hermitian metrics and a con-
stant Cβ,ω > 0 such that C−1

β,ωω ⩽ β. Then PSHn−1(M,C−1
β,ωω) ⊂ PSHn−1(M,β, ω).

Proof. We have the following computation:

αu = β +
1

n− 1
((∆ωu)ω − ddcu) = β + C−1

β,ωω − C−1
β,ωω +

1

n− 1
((∆ωu)ω − ddcu),

= (β − C−1
β,ωω) + (C−1

β,ωω +
1

n− 1
((∆C−1

β,ωω
u)C−1

β,ωω − ddcu)),

⩾ C−1
β,ωω +

1

n− 1
((∆C−1

β,ωω
u)C−1

β,ωω − ddcu).

As we wanted to prove. □

When carrying out computations in coordinates, we will frequentely use, at a fixed point
x ∈ M a chart Ux such that ωiȷ̄(x) = δiȷ̄, β(x) = γiδiȷ̄ and ddcu(x) = λiδiȷ̄ + O.D.T. for
some smooth function u, where O.D.T. stands for ”off-diagonal terms”(similarly to [TW17])
containing dzk ∧ dzl for k ̸= l. However those terms won’t affect our computations.

Moreover, the condition of u ∈ PSHn−1(M,β, ω) can be interpreted as:
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λ̂i :=
n∑

j=1
j ̸=i

λj ⩾ −(n− 1)γi, ∀i ∈ {1, . . . , n}.

We first prove a domination principle for PSHn−1(M,β, ω) as in [GL25a, Corollary 2.3].
Our proof is simpler because we only need to deal with smooth functions:

Lemma 2.2. Let u, v ∈ PSHn−1(M,β, ω)∩C∞(M) such that αn
u ⩽ cαn

v on {u < v} for some
c ∈ [0, 1). Then u ⩾ v.

Proof. Assume by contradiction that {u < v} is non-empty and fix x0 ∈M such that
(u− v) (x0) = min

M
(u− v) < 0.

If a ∈ (c, 1) and x is a point on M such that (u− av)(x) = minX(u− av), then
u(x)− v(x) = (u− av)(x) + (a− 1)v(x)

⩽ (u− av) (x0) + (a− 1)v(x)

⩽ (u− v) (x0) + (a− 1) (v(x)− v (x0))

⩽ (u− v) (x0) + (1− a)OscM(v)

Since (u− v) (x0) < 0, we can fix a ∈ (c, 1), sufficiently close to 1 , such that

(u− v) (x0) + (1− a)OscM(v) < 0

Then, from the above, we can find xa ∈ {u < v} such that (u− av) (xa) = minM(u− av).
The classical maximum principle ensures that at xa we have ddc(u− av) ⩾ 0, implying

αu ⩾ aαv + (1− a)β

because (∆ω(u− av))ω − ddc(u− av) ⩾ 0. Since these forms are positive, we obtain

(αu)
n ⩾ anc−n (αu)

n + (1− a)nβn

a contradiction, because ac−1 ⩾ 1, and (1− a)βn > 0 at xa. □

The following consequences of the arithmetic-geometric mean inequality will be useful:

Proposition 2.3. Given a smooth u ∈ PSHn−1(M,β, ω) such that it solves the complex
(n−1)Monge-Ampère equation αn

u = bgωn for a function 0 < g ∈ C∞(M) and some constant
b > 0. Then u ∈ SH1(M,β, ω) and the following inequality holds:

(nb
1
n )g

1
nωn ⩽ (β + ddcu) ∧ ωn−1

Proof.

u ∈ PSHn−1(M,β, ω) =⇒ β +
1

n− 1

(
(∆ωu)ω − ddcu

)
⩾ 0,

(Trace)
=⇒ β ∧ ωn−1 +

1

n− 1

(
(n
ddcu ∧ ωn−1

ωn
)ωn − ddcu ∧ ωn−1

)
⩾ 0,

=⇒ u ∈ SH1(M,β, ω).

Now applying the AM-GM inequality to the eigenvalues of αu we get:

(β + ddcu) ∧ ωn−1 ⩾ n

[(
β +

1

n− 1

(
(n
ddcu ∧ ωn−1

ωn
)ω − ddcu

))n] 1
n

,

⩾ (nb
1
n )g

1
nωn.

□
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Proposition 2.4. Let v ∈ PSH(M,ω) ∩ C2(M). Then v ∈ PSHn−1(M,ω) and ωn
v ⩽ αn

v .

Proof.

ω +
1

n− 1

(
(n
ddcv ∧ ωn−1

ωn
)ω − ddcv

)
= ω +

1

n− 1

(
(n

(ddcv + ω) ∧ ωn−1

ωn
)ω − nω − ddcv

)
,

=
1

n− 1

(
(n

(ddcv + ω) ∧ ωn−1

ωn
)ω − (ω + ddcv)

)
,

=
1

n− 1
(trω(ωv)ω − (ωv))

Since v ∈ PSH(M,ω) then we conclude that v ∈ PSHn−1(M,ω) from the last computation.
Now, from the description through eigenvalues of ddcv we have from v ∈ PSH(M,ω):

1 + λi ⩾ 0 and
n− 1 + λ̂i
n− 1

=

∑
j ̸=i(1 + λj)

n− 1
⩾ 0,∀i ∈ {1, . . . , n}

Applying AM-GM to each term above we have:∑
j ̸=i(1 + λj)

n− 1
⩾

[
(
∏
j ̸=i

1 + λj)

] 1
n−1

,∀i ∈ {1, . . . , n}

By taking the product of the inequalities for all i ∈ {1, . . . n} we get:

n∏
i=1

(
1 +

λ̂i
n− 1

)
⩾

n∏
i=1

(1 + λi)

which is exactly what we wanted to prove in terms of eigenvalues. □

For the rest of this section, our equation, for a unkown u ∈ C2(M) ∩ PSHn−1(M,ρββ, ω)
normalized by supM u = 0, will be on a compact hermitian manifold M :

MAn−1(ρββ, ω, u) =MAn−1(u) :=

(
ρββ +

(
(∆ωu)ω−ddcu

n−1

))n
ωn

= cf, (2.1)

for (M,β, ω) a compact hermitian manifold with two hermitian metrics, 1 ⩽ ρβ the normal-
ized Gauduchon factor of β by [Gau77a] and f ∈ C∞(M).

Our geometric constants under consideration are:

• Volω(M) the volume of M with respect to a metric ω,
• 1 ⩽ Gω is the uniform upper bound on the Gauduchon factor ρω of a metric ω
from [Pan22, Theorem A],

• 1 < Cβ,ω is the uniform constant such that C−1
β,ωβ ⩽ ω ⩽ Cβ,ωβ,

• 0 < Aα, α are the uniform constants from Proposition 1.23,
• 0 < v−m0

(ω) is the uniform constant defined as, given 0 < m0 uniform constant,

v−m0
(ω) := inf

{ˆ
M

(ω + ddcu)n : u ∈ PSH(M,ω) with −m0 ⩽ u ⩽ 0

}
.

Such a constant is positive since ω is hermitian, by [GL22, Proposition 3.4].
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2.2. Lp bound on the normalizing constant. The following result adapts the ideas
from [KN15, Lemma 5.9], [Pan23, Lemma 2.7] and [GL25a, Theorem A] we obtain:

Proposition 2.5. The normalizing constant c in (2.1) admits the two bounds:

C−1
β,ωb ⩽ c ⩽

(
CLap

n||f 1
n ||L1(M,ωn)

)n

where b = b(f, C−1
β,ωω,Aα) > 0 is the normalizing constant of the Monge-Ampère equation

(C−1
β,ωω + ddcu)n = bfωn and CLap := Volω(M)Gn−1

ω GβCβ,ω.

See [Pan23, Section 2 and 3] for a precise description of the Monge-Ampère constants.

Proof. Bounding the constant from above.
By [Pan22, Theorem A], there exists a uniform constant Gω > 1 such that the normalized

Gauduchon factor ρω with respect to (M,ω) is bounded between 1 and Gω. For all smooth
u ∈ PSHn−1(M,ρββ, ω), we calculateˆ

M

(ρββ + ddcu) ∧ ωn−1 ⩽
ˆ
M

(ρββ + ddcu) ∧ (ρωω)
n−1

⩽
ˆ
M

ρn−1
ω ρββ ∧ ωn−1 +

ˆ
M

uddc(ρωω)
n−1 ⩽ Gn−1

ω GβCβ,ω Volω(M)

Proposition 2.3 now yields

nc
1
nf

1
nωn ⩽ (ρββ + ddcu) ∧ ωn−1

Integrating we can use the upper bound on the mass of the Hessian operator to conclude:

nc
1
n ||f

1
n ||L1(M,ωn) ⩽ CLap, hence c ⩽

(
CLap

n||f 1
n ||L1(M,ωn)

)n

.

Bounding the constant from below.

We use the existence of solution to the complex Monge-Ampère equation on hermitian
manifolds, that is [TW10, Corollary 1] or [GL23, Theorem B] for the case with two different
metrics. Then there exists a pair (v, b) ∈ PSH(M,C−1

β,ωω) ∩ C∞(M)× R>0 such that:

(C−1
β,ωω + ddcv)n = bfωn, sup

M
v = 0

Now we use Proposition 2.4 to obtain the comparison:
bc−1MAn−1(β, ω, u) ⩽ bf ⩽MAn−1(C

−1
β,ωω,C

−1
β,ωω, v) ⩽ Cβ,ωMAn−1(β, ω, v)

Then, by the domination principle (Lemma 2.2) for v and u we get

C−1
β,ωbc

−1αn
u ⩽ αn

v ⇒ C−1
β,ωbc

−1 ⩽ 1.⇒ c ⩾ C−1
β,ωb.

By [GL23, Theorem B] the constant b is bounded from below uniformly, hence so is c. □

For the Setting (SF), by [Pan22, Pan23], the constants in Proposition 2.5 are under control.

2.3. L∞ a priori estimate. Adapting the technique from [GL25b, Theorem B] we prove:

Theorem 2.6. For (M,β, ω) a compact hermitian manifold with two hermitian metrics, as
described above for (2.1). Then, we have the uniform bounds:

(A): c ⩽ C0,

for C0 =

(
CLap

n||f
1
n ||L1(M,ωn)

)n

> 0, where CLap := Volω(M)Gn−1
ω GβCβ,ω
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(B): −C ⩽ u ⩽ 0,
for C = C(C−1

β,ω, ||f ||Lp(M,ωn), n, p, ||u||L1(M,ωn),
C0

v−m0
(C−1

β,ωω)
) > 0 and a m0 > 0 uni-

formly depending on f, C0, Cβ,ω.
(C): c0 ⩽ c,

for c0 =
Cn

β,ωv
−
m0

(C−1
β,ωω)

||f ||L1(M,ωn)
> 0.

Proof. The upper bound on the constant (A) follows exactly as in Proposition 2.5

Bounding the solution from below.

To get the second bound (B) we use the comparison with the complex Monge-Ampère
through a psh envelope, that is:

Firstly, to aliviate the notation we substitute ρβ for ρ and set ω̃ := C−1
β,ωω ⩽ β by (GC).

Now consider ψ := Pω̃(u) the ω̃-psh envelope of u. The function ψ is C1,1 and the complex
Monge-Ampère operator of the envelope is supported on the contact set, i.e., MAω̃(ψ) is
concentrated on C := {ψ = u} by [GL22, Theorem 2.3].

It is known that on the contact set C the function u is ω̃-psh. Then on C the operator
MAω̃(u) is the complex Monge-Ampère of a ω̃-psh function.

Since the inequality on Proposition 2.4 is a pointwise comparison we have:

MAω̃(u)|C ⩽MAn−1(ω̃, ω̃, u)|C ⩽ Cn
β,ωMAn−1(β, ω, u)|C ⩽ Cn

β,ωMAn−1(ρβ, ω, u)|C
at all points of C. Since u ∈ PSHn−1(M,ρβ, ω) we get:

MAω̃(ψ) = 1CMAω̃(u) ⩽ Cn
β,ω1CMAn−1(ρβ, ω, u) ⩽ Cn

β,ωMAn−1(ρβ, ω, u).

Then, we get:

MAω̃(ψ) ⩽ Cn
β,ωMAn−1(ρβ, ω, u) = Cn

β,ωcf ⩽ Cn
β,ωC0f,

where the last inequality follows from the bound (A) in the previous step. For a uniformly
controlled constant m0 > 0 we have OscM(ψ) ⩽ m0, by [GL23, Theorem A]. Since we have
ψ ⩽ u ⩽ 0 and the oscillation is under control we have:ˆ

M

MAω̃(ψ)ω̃
n ⩾ v−m0

(ω̃)

which is under control, since m0 is under control by [GL22, Proposition 3.4]. We compute:

0 ⩽ (−sup
M

(ψ))δv−m0
(ω̃) ⩽

ˆ
M

(−ψ)δMAω̃(ψ)ω̃
n,

=

ˆ
C
(−ψ)δMAω̃(ψ)ω̃

n =

ˆ
M

(−u)δMAω̃(ψ)ω̃
n,

⩽ Cn
β,ωC0

ˆ
M

(−u)δfω̃n ⩽ C0||f ||Lp(M,ωn)||u||1/qL1(M,ωn).

where the last inequality follows from the Hölder inequality for δ = 1
q
. The term ||u||L1(M,ωn)

is under control by the compactness in L1 of SH1(M,β, ω) see [GP24, Lemma 8].
This implies that ψ is uniformly bounded. Since, by definition ψ ⩽ u we conclude:

−u ⩽ m0 +

(
C0||f ||Lp(M,ωn)||u||1/qL1(M,ωn)

v−m0
(ω̃)

)q

.

Bounding the constant from below.
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To prove the last bound (C) one can just compare the Monge-Ampère masses:

MAω̃(ψ) ⩽ cf =⇒ v−m0
(ω̃) ⩽ c

ˆ
M

fω̃n =⇒
v−m0

(ω̃)

C−n
β,ω||f ||L1(M,ωn)

⩽ c

by integrating with respect to ω̃ and since ψ is uniformly bounded. □

2.4. Proof of Theorem A. In Theorem A, a L∞ estimate for the solution ut of the family
of complex (n− 1)-Monge-Ampère equations, the following constant are under control:

(1) ||f
1
n
t ||L1(Xt,ωn

t )
, ||ft||Lp(Xt,ωn

t )
are under control by assumption of the density bounds (DB).

(2) Gω, Gβ are under control since ρt satisfy the Gauduchon bound (GB).
(3) Volωt(Xt) is under control by the volume bound (VB).
(4) v−m0

(ω) is uniform, for a m0 uniform, by [GL22, Proposition 3.4].

Hence, Theorem 2.6 completes the proof of Theorem A.

These bounds above are satisfied in Setting (SF) when X0 has log-terminal singularities:

(1) By [DNGG23, Lemma 4.4, equation (4.7)] the adapted volume satisfies (DB).
(2) By [Pan22, Theorem A], the Gauduchon factors of any smoothable variety satisfy (GB).
(3) By [Pan22, Section 1], the volume of any smoothable variety satisfies (VB).

3. C2 Estimate on holomorphic families

From this point onward, we work in a holomorphic family π : (M, β, ω) → D belongin
to Setting (SF), without singular fibers; that is, the central fiber M0 = π−1(0) is a com-
plex manifold. We further restrict ourself by fixing ω to be a Kähler metric, as this is the
appropriate setting of the geometric consequence of Theorem B.

In this section, we prove a C2-estimate that depends on the norm of the gradient as
in [HMW10], who’s original strategy traces back to [CW01]. Our proof is a more precise
formulation of [TW17, Theorem 4.1] that renders the estimate uniform in families. To help
the reader, we align our notation with that of [TW17] and reference their work for the
computations that we omit here.

3.1. Uniform constants. Firstly we highlight some of the uniform constants that the esti-
mate will depend on fixing their notation. Recall that for this settingM is a Kähler manifold,
ω a Kähler metric, however β is hermitian.

Metric comparison constant Let Cβ,ω > 1 be a constant, as in (GC), such that:

C−1
β,ωβ ⩽ ω ⩽ Cβ,ωβ

Bisectional curvature bound: Let B > 0 be a constant such that:

−B|ξ1|2|ξ2|2 ⩽ Ri,ȷ̄,k,l̄ξ
i
1ξ

j
1ξ

k
2ξ

l
2 ⩽ B|ξ1|2|ξ2|2, ξ1, ξ2 ∈ Cn.

L∞-estimate: Let CL∞ > 0 be the uniform constant from Theorem 2.6; that is:
c+ c−1 + sup

M
|u| ⩽ CL∞ .

Notation: To align with the notation of [TW17, Section 4] we set the following parallel
between the hermitian forms and their Riemannian metrics:

αu = α⇝ g̃, ω ⇝ g, β ⇝ h. Hence g̃iȷ̄ = hiȷ̄ +
1

n− 1
((∆u)giȷ̄ − uiȷ̄) .

and we are solving the (n− 1)-Monge-Ampère equation:(
β +

(∆ωu)ω − ddcu

n− 1

)n

= fωn, (3.1)



SINGULAR GAUDUCHON CONJECTURE 15

for supM u = 0 and 0 < f ∈ C∞(M).4

3.2. Uniform C2 estimate on manifolds. We have the following C2-estimate:

Theorem 3.1. Suppose (M,β, ω) is a compact Kähler manifold, where ω is a Kähler metric
and β is a hermitian metric. Then, there exists a uniform constant C > 0 such that:

||ddcu||L∞ ⩽ C(sup
M

|∇u|2g + 1)

for C = C(B,CL∞ , ||h||C2 , || log(f)||C2 , ||f ||L∞ , n, Cβ,ω)

Proof. As in [TW17, Equation (4.2)] we use the tensor η:

ηiȷ̄ = uiȷ̄ − (n− 1)hiȷ̄ + (trgh)giȷ̄ = (trgg̃)giȷ̄ − (n− 1)g̃iȷ̄; g̃iȷ̄ =
1

n− 1
((trgg̃)giȷ̄ − ηiȷ̄) (3.2)

We will apply the maximum principle to5:
H(x, ξ) = log(ηiȷ̄ξ

iξj) + ψ1(|∇u|2g) + ψ2(u),

for x ∈M, ξ ∈ T 1,0
x M is a g-unit vector and functions ψ1, ψ2 defined as

ψ1(s) = −1

2
log
(
1− s

2K

)
, for 0 ⩽ s ⩽ K − 1, for K = sup

M
|∇u|2g + 1. (3.3)

ψ2(t) = −A log

(
1 +

t

2L

)
, for − L+ 1 ⩽ t ⩽ 0, for L = CL∞ + 1, A = 2L(C0 + 1). (3.4)

for a uniform C0 > 0 to be chosen later.
We treat H on a subcompact W of the g-unit tangent bundle ofM where ηiȷ̄ξ

iξj ⩾ 0, with

H = −∞ when ηiȷ̄ξ
iξj = 0. Hence its maximum is achieved in the interior point (x0, ξ0) ∈ W̊ .

Pick holomorphic coordinates at x0 that are g-normal, as in [TW17, page 323], such that:

giȷ̄ = δij, ηiȷ̄ = ηiδij, η1 ⩾ η2 ⩾ · · · ⩾ ηn. (3.5)

g̃iȷ̄ = λiδij, ηi =
n∑

k=1

λk − (n− 1)λi, 0 < λ1 ⩽ λ2 ⩽ · · · ⩽ λn. (3.6)

The quantities λn, η1, trωα are uniformily equivalent:
1

n
trgg̃ ⩽ λn ⩽ η1 ⩽ (n− 1)λn ⩽ (n− 1)trgg̃. (3.7)

Since η1 is the largest eigenvalue of (ηiȷ̄) the maximum of H is attained at the vector

ξ0 =
∂

∂z1
which extends locally to ξ0 = g

− 1
2

11̄
∂

∂z1
. Finally, we set:

Q(x) = H(x, ξ0) = log
(
g−1
11̄
η1
)
+ ψ1(|∇u|2g) + ψ2(u). (3.8)

The maximum of Q is attained at x0. We will prove that η1(x0) ⩽ CK, finishing the proof.
Without loss of generality, we may assume η1 > 1 and u11̄ > 0 at x0. We define the tensor

Θiȷ̄, and its associated linear operator, as in [TW17, page 324]:

Θiȷ̄ =
1

n− 1

(
(trgg̃)g

iȷ̄ − g̃iȷ̄
)
> 0, L(v) = Θiȷ̄viȷ̄ =

1

n− 1

(
(trgg̃)∆v − ∆̃v

)
. (3.9)

By the choice of g-normal coordinates, we get ∇ξ0(x0) = 0 for the covariant derivative,
yielding the following identities at x0, analogous to [TW17, (4.7) and (4.9)]:

0 = Qi =
η1i
η1

+ ψ′
1 ·

(∑
p

upup̄i +
∑
p

upiup̄

)
+ ψ′

2 · ui. (3.10)

4The normalizing constant is absorbed into the density f since we already have a L∞-estimate.
5Here our notation slightly differs from [TW17].
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Since Θiȷ̄ is diagonal at x0, and writing (ξi) for the coordinates of ξ0, we obtain:

L(Q) =
∑
i

Θīıη1īı
η1

−
∑
i

Θīı|η1i|2

(η1)2
+
∑
i

Θīı(ξ1īı + ξ1ı̄i) + ψ′
2

∑
i

Θīıuīı

+ ψ′′
2

∑
i

Θīı|ui|2 + ψ′′
1

∑
i

Θīı

∣∣∣∣∣∑
p

upup̄i +
∑
p

upiup̄

∣∣∣∣∣
2

+ ψ′
1

∑
i,p

Θīı|upı̄|2 + ψ′
2

∑
i,p

Θīı|upi|2 + ψ′
1

∑
i,p

Θīı(upīıup̄ + up̄īıup),

(3.11)

After tricky direct computations, differentiating covariantly the (n − 1)Monge-Ampère
equation and commuting derivaties as in [HMW10, page 552] we get, since L(Q) ⩽ 0, at x0:

0 ⩾

∑
i,j g̃

īıg̃jȷ̄(gjı̄
∑

a uaā1̄ − ujı̄1̄ + ĥjı̄1̄)(giȷ̄
∑

b ubb̄1 − uiȷ̄1 + ĥiȷ̄1)

(n− 1)2η1
−
∑
i

Θīı|η1i|2

(η1)2

+
1

η1

(
F11̄ −

∑
i

Θīı

(∑
a

uaı̄Riā11̄ −
∑
a

ua1̄Riā1ı̄

)

−
∑
i

g̃īıhīı11̄ −
∑
i

Θīı
(
ĥ11̄īı − (trgh)īı

))

+ ψ′
2

∑
i

Θīıuīı + ψ′′
2

∑
i

Θīı|ui|2 + ψ′′
1

∑
i

Θīı

∣∣∣∣∣∑
p

upup̄i +
∑
p

upiup̄

∣∣∣∣∣
2

+ ψ′
1

∑
i,p

Θīı|upı̄|2 + ψ′
1

∑
i,p

Θīı|upi|2 + ψ′
1

∑
i,p

Θīı(upīıup̄ + up̄īıup),

(3.12)

which coresponds to [TW17, (4.16)], and all the intermediate steps are the same, for eF = f

and ĥiȷ̄ = (n− 1)hiȷ̄. Since all the intermediate computations coincide with those in [TW17]
we omit them here and focus on describing the constants and inequalities more precisely:

In [TW17, Equation (4.17)]: at x0∑
Θīı = trg̃g, and |uiȷ̄| = |ηiȷ̄ + (n− 1)hiȷ̄ − (trgh)giȷ̄| ⩽ C1η1, (3.13)

for C1 = 1+(2n− 1)||h||L∞ , by (3.2) and since η1 > 1 is the highest eigenvalue of (ηiȷ̄) at x0.
We now provide lower bounds for the second and third lines of (3.12)
In [TW17, Equations (4.18) and (4.19)]:

1

η1

(
F11̄ −

∑
i

Θīı

(∑
a

uaı̄Riā11̄ −
∑
a

ua1̄Riā1ı̄

)

−
∑
i

g̃īıhīı11̄ −
∑
i

Θīı
(
ĥ11̄īı − (trgh)īı

))
⩾ −C2trg̃g − C3,

(3.14)

for C2 = 2n(||h||C2 + C1B) and C3 = ||F ||C2 . Since η1 > 1 and using equations (3.13) with
the bound on the bisectional curvature B. And by taking the g̃-trace of g̃ we get:∑

i

Θīıuīı =
1

n− 1
((trg̃g)∆u− ∆̃u) = n− trg̃h, (3.15)

Now we will bound the last term written in (3.12):
In [TW17, Equations (4.20) and (4.23)]:



SINGULAR GAUDUCHON CONJECTURE 17

Again by using the covariant differentiation of the PDE and commuting derivatives:

ψ′
1

∑
i,p

Θīı(upīıup̄ + up̄īıup)

= ψ′
1

∑
p

(Fpup̄ + Fp̄up)− ψ′
1

∑
i,p

g̃īı(hīıpup̄ + hīıp̄up)

+ ψ′
1

∑
i,p,q

Θīıuqup̄Rpq̄īı

⩾ − ||F ||C1(1 + |∇u|2g)|ψ′
1| − (||h||C1 + n2B)trg̃g(|∇u|2g + 1)|ψ′

1|
⩾ − C4trg̃g − C5.

(3.16)

for C4 =
||h||C1+n2B

2
and C5 =

||F ||C1

2
. By using the Cauchy-Buniakovski-Schwarz inequality,

the bound on the bisectional curvature B, 1
2K
⩾ ψ′

1 ⩾
1
4K

and (3.13).
Combining (3.12) with (3.14), (3.15) and (3.16) yields:

0 ⩾

∑
i,j g̃

īıg̃jȷ̄(gjı̄
∑

a uaā1̄ − ujı̄1̄ + ĥjı̄1̄)(giȷ̄
∑

b ubb̄1 − uiȷ̄1 + ĥiȷ̄1)

(n− 1)2η1
−
∑
i

Θīı|η1i|2

(η1)2

+ ψ′′
2

∑
i

Θīı|ui|2 + ψ′′
1

∑
i

Θīı

∣∣∣∣∣∑
p

upup̄i +
∑
p

upiup̄

∣∣∣∣∣
2

+ ψ′
1

∑
i,p

Θīı|upı̄|2

+ ψ′
1

∑
i,p

Θīı|upi|2 − trg̃g(Cβ,ωψ
′
2 + C2 + C4)− (nψ′

2 + C3 + C5),

(3.17)

since −A
L
⩽ ψ′

2 ⩽ − A
2L

= −(C0 +1). By choosing C0 =
C2+C4

Cβ,ω
+2

n||h||2
C1

(n−1)Cβ,ω
, the only term left

to control is
∑

i
Θiı̄|η1i|2
(η1)2

, as all other terms are positive. As in [TW17, page 328] we define:

δ =
1

1 + 2A
=

1

1 + 4L(C0 + 1)
,

which is uniform because so are L and C0. Now we have two cases, as in [HMW10, TW17].

Case 1 (Assume λ2 ⩽ (1− δ)λn). We use (3.10) and (3.13) to obtain

−
∑
i

Θīı|η11̄i|2

(η1)2
= −

∑
i

Θīı

∣∣∣∣∣ψ′
1

(∑
p

upup̄i +
∑
p

upiup̄

)
+ ψ′

2ui

∣∣∣∣∣
2

− 2(ψ′
1)

2
∑
i

Θīı

∣∣∣∣∣∑
p

upup̄i +
∑
p

upiup̄

∣∣∣∣∣
2

− 8(C0 + 1)2Ktrg̃g,

(3.18)

since |ψ′
2| ⩽ A

L
= 2(C0+1). Then, using ψ′′

1 = 2(ψ′
1)

2, ψ′′
2 > 0, ψ′

1,−ψ′
2−C0 ⩾ 1, ψ′

1 ⩾
1
4K

and
erasing positive unhelpful terms we obtain from (3.17)

0 ⩾
1

4K
Θnn̄unn̄ − 8(C0 + 1)2Ktrg̃g − C6, (3.19)

for C6 = C3 + C5. Since Θnn̄ ⩾ 1
n

∑
i Θ

īı ⩾ 1
n
trg̃g:

1

n
(trg̃g)u

2
nn̄ ⩽ 32(C0 + 1)2K2trg̃g + C6K. (3.20)

By the assumption λ2 ⩽ (1− δ)λn and (3.2)

unn̄ ⩽ λ1 − δλn + (2n− 1)||h||L∞ ⩽ −δ
2
λn
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since δ < 1, and without loss of generality, λ1 < 1 and λn

2
⩾ (2n−1)||h||L∞+1

δ
. Thus u2nn̄ ⩾

δ2

4
λn,

and combining with (3.20), we conclude

λn ⩽ C7K

for C7 =
8nC6

δ2
, using 1 ⩽ trg̃g · λn and, without loss of generality, λ2

n

2
⩾ 32(C0+1)2K2(4n)

δ2
.

By (3.7), this implies the desired estimate η1 ⩽ (n− 1)C7K.

Case 2 (Assume λ2 ⩾ (1− δ)λn). Similar to Case 1, we have for the summand i = 1

−Θ11̄|η11̄1|2

(η1)2
⩾ −2(ψ′

1)
2Θ11̄

∣∣∣∣∣∑
p

upup̄i +
∑
p

upiup̄

∣∣∣∣∣
2

− 8(C0 + 1)2nKΘ11̄,

combining it with 2(ψ′
1)

2 = ψ′′
1 , ψ

′
1 ⩾

1
4K
,−Cβ,ωψ

′
2 − C2 − C4 ⩾ 2

n||h||2
C1

(n−1)
and (3.17)

0 ⩾

∑
i,j g̃

īıg̃jȷ̄(gjı̄
∑

a uaā1̄ − ujı̄1̄ + ĥjı̄1̄)(giȷ̄
∑

b ubb̄1 − uiȷ̄1 + ĥiȷ̄1)

(n− 1)2η1
−

n∑
i=2

Θīı|η1i|2

(η1)2

+ ψ′′
2

∑
i

Θīı|ui|2 + ψ′′
1

n∑
i=

Θīı

∣∣∣∣∣∑
p

upup̄i +
∑
p

upiup̄

∣∣∣∣∣
2

+
1

4K

∑
i,p

Θīı|upi|2 + C8trg̃g − 8(C0 + 1)2nKΘ11̄ − C6,

(3.21)

for C8 = 2 n
n−1

||h||2C1 . Without loss of generality, we assume 1
4K

Θ11̄u211̄ ⩾ 8(C0 + 1)2nKΘ11̄

then with Lemma 3.2 below, which is a quantitative version of [TW17, Lemma 4.3], we
conclude 0 ⩾ C8

2
trg̃g − C6 yielding the desired estimate

η1 ⩽ (n− 1)||f ||L∞

(
2C6

C8

)n−1

.

□

Lemma 3.2. We have, at x0:

E :=

∑
i,j g̃

īıg̃jȷ̄(gjı̄
∑

a uaā1̄ − ujı̄1̄ + ĥjı̄1̄)(giȷ̄
∑

b ubb̄1 − uiȷ̄1 + ĥiȷ̄1)

(n− 1)2η1
−

n∑
i=2

Θīı|η1i|2

(η1)2

+ ψ′′
2

∑
i

Θīı|ui|2 + ψ′′
1

n∑
i=

Θīı

∣∣∣∣∣∑
p

upup̄i +
∑
p

upiup̄

∣∣∣∣∣
2

⩾ −C8

2
trg̃g

for C8 = 2 n
n−1

||h||2C1.

Proof. Using (3.10), ψ′′
1 = 2(ψ1)

2 and [HMW10, Proposition 2.3], which states that for all
a, b ∈ Cn and 0 < δ′ < 1 we have |a+ b|2 ⩾ δ′|a|2 − δ′

1−δ′
|b|2, we obtain

ψ′′
1

n∑
i=2

Θīı

∣∣∣∣∣∑
p

upup̄i +
∑
p

upiup̄

∣∣∣∣∣
2

⩾ 2δ
n∑

i=2

Θīı |η1i|2

(η1)2
− 2δ(ψ′

2)
2

1− δ

n∑
i=2

Θīı|ui|2 (3.22)

Combining it with the fact that ψ′′
2 ⩾

2ε
1−ε

(ψ′
2)

2 for all ε ⩽ 1
2A+1

, recall δ = 1
2A+1

, we obtain:

E ⩾

∑
i,j g̃

īıg̃jȷ̄(gjı̄
∑

a uaā1̄ − ujı̄1̄ + ĥjı̄1̄)(giȷ̄
∑

b ubb̄1 − uiȷ̄1 + ĥiȷ̄1)

(n− 1)2η1
− (1− 2δ)

n∑
i=2

Θīı|η1i|2

(η1)2

(3.23)
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Commuting derivatives, erasing unhelpful positive terms, using (3.2) at x0, g1ı̄ = 0 for
i > 1 and [HMW10, Proposition 2.3] again, we obtain:∑

i,j g̃
īıg̃jȷ̄(gjı̄

∑
a uaā1̄ − ujı̄1̄ + ĥjı̄1̄)(giȷ̄

∑
b ubb̄1 − uiȷ̄1 + ĥiȷ̄1)

(n− 1)2η1

⩾ (1− δ

2
)

n∑
i=2

g̃īıg̃11̄|η1ı̄|2

(n− 1)2η1
−

1− δ
2

δ
2

n∑
i=2

g̃īıg̃11̄|[(trgh)g11̄ ]̄ı|2

(n− 1)2η1
.

(3.24)

In Case 2, we have g̃īı ⩽ 1
(1−δ)λn

for i > 1. Without loss of generality, we can assume

(1− δ)λn ⩾
1− δ

2
δ
2

. Then

1− δ
2

δ
2

n∑
i=2

g̃īıg̃11̄|[(trgh)g11̄ ]̄ı|2

(n− 1)2η1
⩽
C8

2
trg̃g,

for C8 = 2
n||h||2

C1

n−1
, because the coordinates around x0 are g-normal. It remains to prove

(1− δ

2
)

n∑
i=2

g̃īıg̃11̄|η1ı̄|2

(n− 1)2η1
⩾ (1− 2δ)

n∑
i=2

Θīı |η1̄i|2

(η1)2
,

which is precisely [TW17, Equation (4.39)]; we refer the reader to it for the proof. □

3.3. Proof of the C2 estimate on holomorphic families. From Theorem 3.1, the con-
stant in the C2-estimate depends on:

(1) B > 0, uniform upper and lower bound on the bisectional curvature.
(2) CL∞ , the uniform L∞ bound on the solution to (3.1).
(3) The C2 norms of log(f), the metrics ω and β, and the L∞ norm of f .

Under Setting (SF) without singular fibers, these constants are uniform:

(1) By compactness of the fibers, the constant B can be taken uniform on compact subsets
of the base manifold D, hence it is uniform in the holomorphic family.

(2) By Theorem 2.6, the constant CL∞ is uniform even when the family has singularities.
(3) By compactness, all these norms are uniform on compact subsets of D.
Therefore, the C2 bound, which depends on |∇u|2g, is uniform along the holomorphic family.

4. Proof of Theorem B

4.1. C1 Estimate on holomorphic families. Since the C2-estimate in the previous section
depends on supM |∇u|2g we adapt the blow-up argument of [TW17], based on [DK17], to

obtain a C1 estimate for holomorphic families.

Theorem 4.1. Let (M, β, ω) be a holomorphic family in the fixed setting. Then there is a
constant C > 0 depending only on ||f ||C2(M,ω) and (M,β0, ω0), such that

sup
D 1

2

|∇u|ω ⩽ C.

In particular, the constant C does not depend on the complex structure.

Proof. Assume by contradiction that ||f ||C2(M,ω) ⩽ C uniformly and we have ut, Ct such that:
sup
Mt

|∇ut|ωt = Ct

with Ct → +∞ as t → t0, for simplicity set t0 = 0. Choose a sequence tj → 0 (denoted
simply by j) so that supMj

|∇uj|ωj
= Cj, with Cj → +∞ as j → +∞.
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We have: sup
Mj

uj = 0, sup
Mj

|uj| ⩽ C (independent of j from the L∞-estimate) and

αj = βj +
1

n− 1

(
(∆juj)ωj − ddtuj

)
, αn

j = fjω
n
j .

Let xj = arcmax
Mj

|∇uj|. Up to extracting a subsequence xj → x0 ∈M =M0, for tj → 0.

Since the family is holomorphic then locally one has V ⊂ M open such that Vt ⊂ Xt,
V0 ⊂ X = X0, t ∈ I ⊂ B and set V = B2(0)× I such that ω(0) = ωCn =

∑
j idz

j ∧ dzj with
the notation ω = ω0 for the metric on fiber the X whenever confusion can be avoided.

Assume for j large enough xtj are all in B1(0)× I ′; I ′ ⋐ I. Define in BCj
(0)× I ⊂ Cn × I:

û(z, t) = uj(C
−1
j z + xj; t); Φj : Cn → Cn,Φj(z) = C−1

j z + xj

Since the family is holomorphically trivial, we will have uj, u well defined in small neigh-
bourhoods and denote for simplicity as if all the points are on B1(0) ⊂ X0. Then we have:

sup
BCj(0)

|ût,j| ⩽ C;∀t ∈ I,∀j big enough, for ût,j = ûj(·, t).

Fixing t ∈ I we have

∇gtût,j = ∇gtut,jC
−1
t,j Id

then |∇gtũt,j|(0) = 1. Thus sup
Xj

|∇gj ûj| ⩽ C, independent of t, j. By the C2 estimate:

sup
BCj

(0)

|∂∂ûj|ωCn ⩽ CC−2
j sup

Xj

|∂∂uj|ω ⩽ C

As in [TW17] by the Sobolev embedding and the elliptic estimates for ∆ for each given
K ⊂ Cn compact, 0 < γ < 1 and p > 1, there is a constant C such that:

||ûj||C1,γ(K) + ||ûj||W 2,p(K) ⩽ C.

Hence, there is a subsequence of ûj that converges to U in Cn with supCn (|U |+ |∇U |) ⩽ C
and∇U(0) ̸= 0, consequently non-constant. Finally, the rest of the proof follows verbatim the
one in [TW17] That is, one proves that U is maximal in Cn, hence satisfy all the hypothesis
in Theorem 1.24, which implies U is constant, arriving at a contradiction. □

4.2. Higher-Order Estimates on holomorphic families. As in the classical Monge-
Ampère theory, higher-order estimates are purely local. Hence, one can addapt a complex
Evans-Krylov type argument as in [TW17, Theorem 6.1] to obtain a C2,γ-estimate, that
depend on two derivatives of log(f), and then apply Schauder estimates with a bootstraping
argument to conclude Theorem B. Moreover, the Evans-Krylov-Caffarelli theory developed
in [TWWY15, Theorems 1.1 and 1.2] yields estimates that depend only on Hölder bounds
of log(f), the metrics, and the C2 estimate on the solution. Implying explicitly that the
estimates remain uniform on the holomorphic family by Sections 3 and 4.1.

This completes the proof of Theorem B.
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algébriques affines. Mém. Soc. Math. France (N.S.), 113(19):124, 1985.
[Dem12] J.-P. Demailly. Complex analytic and differential geometry. on the author’s webpage, 2012.
[Din22] S. Dinew. m-subharmonic and m-plurisubharmonic functions: on two problems of Sadullaev.

Ann. Fac. Sci. Toulouse, Math. (6), 31(3):995–1009, 2022.
[DK17] S. Dinew and S. Ko lodziej. Liouville and Calabi-Yau type theorems for complex Hessian equa-

tions. Amer. J. Math., 139(2):403–415, 2017.
[DNGG23] E. Di Nezza, V. Guedj, and H. Guenancia. Families of singular Kähler-Einstein metrics. J. Eur.

Math. Soc. (JEMS), 25(7):2697–2762, 2023.
[EGZ09] P. Eyssidieux, V. Guedj, and A. Zeriahi. Singular Kähler-Einstein metrics. J. Amer. Math. Soc.,

22(3):607–639, 2009.
[FLY12] J. Fu, J. Li, and S.-T. Yau. Balanced metrics on non-Kähler Calabi-Yau threefolds. J. Differential

Geom., 90(1):81–129, 2012.
[Fri86] R. Friedman. Simultaneous resolution of threefold double points. Math. Ann., 274(4):671–689,

1986.
[FT09] A. Fino and A. Tomassini. Blow-ups and resolutions of strong Kähler with torsion metrics. Adv.

Math., 221(3):914–935, 2009.
[FWW10] J. Fu, Z. Wang, and D. Wu. Form-type Calabi-Yau equations. Math. R. L., 17(5):887–903, 2010.
[FWW15] J. Fu, Z. Wang, and D. Wu. Form-type equations on Kähler manifolds of nonnegative orthogonal

bisectional curvature. Calc. Var. Partial Differ. Equ., 52(1-2):327–344, 2015.
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267(4):495–518, 1984.
[GGZ24] V. Guedj, H. Guenancia, and A. Zeriahi. Strict positivity of Kähler-Einstein currents. Forum

Math. Sigma, 12:Paper No. e68, 27, 2024.
[GL22] V. Guedj and C. H. Lu. Quasi-plurisubharmonic envelopes 2: Bounds on Monge-Ampère vol-

umes. Algebr. Geom., 9(6):688–713, 2022.
[GL23] V. Guedj and C. H. Lu. Quasi-plurisubharmonic envelopes 3: Solving Monge-Ampère equations

on hermitian manifolds. J. Reine Angew. Math., 800:259–298, 2023.
[GL25a] V. Guedj and C. H. Lu. Degenerate complex Hessian equations on compact Hermitian manifolds.

Pure Appl. Math. Q., 21(3):1171–1194, 2025.
[GL25b] V. Guedj and C. H. Lu. Uniform estimates: from Yau to Ko lodziej. Preprint, arXiv:2502.02313,

2025.
[GP24] B. Guo and D. H. Phong. On L∞ estimates for fully non-linear partial differential equations.

Ann. of Math. (2), 200(1):365–398, 2024.
[GS25] F. Giusti and C. Spotti. Chern-ricci flat balanced metrics on small resolutions of Calabi-Yau

three-folds. Int. Math. Res. Not., 2025(18):13, 2025. Id/No rnaf289.
[Har74] R. Hartshorne. Topological conditions for smoothing algebraic singularities. Topology, 13(3):241–

253, 1974.
[HL11] F. R. Harvey and H. B. Lawson, Jr. Dirichlet duality and the nonlinear Dirichlet problem on

Riemannian manifolds. J. Differential Geom., 88(3):395–482, 2011.
[HL12] F. R. Harvey and H. B. Lawson, Jr. Geometric plurisubharmonicity and convexity: an intro-

duction. Adv. Math., 230(4-6):2428–2456, 2012.



22 GUILHERME CERQUEIRA-GONÇALVES
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